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Abstract

Nonparametric regression via wavelets is usually implemented under the as-

sumptions of dyadic sample size, equally spaced and fixed sample points, and i.i.d.

normal errors. An estimator is proposed which, through the use of linear trans-

formations and block thresholding, can simultaneously achieve both global and

local optimal rates of convergence even for data that does not possess the above

three assumptions. Additionally, the estimator exhibits fast computation time

and is spatially adaptive over large classes of Besov and Hölder functions. The

thresholds are dependent on the varying levels of noise in each block of wavelet

coefficients, rather than on a single estimate of the noise as is usually done. This

block-dependent method is compared against term-by-term wavelet methods with

noise-dependent thresholding via theoretical asymptotic convergence rates as well

as by simulations and comparisons on a well-known data set. Simulation results

show that this block-dependent estimator is superior in terms of reconstruction

error to term-by-term wavelet estimators and universal-type block estimators.

1 Introduction

Wavelets work quickly, efficiently, and attain fast rates of convergence in the problem of
nonparametric regression over equally spaced, fixed sample points with a dyadic number
of data points and independent noise:

yi = f(xi) + σεi, i = 1, 2, . . . , n, (1)

where ε ∼ N(0,Σ). In this model, the yi are the observed data, xi are the sample
points, and σεi is noise. The noise is assumed to be i.i.d. normal random variables in
most cases. In particular, when wavelet thresholding such as the VisuShrink method of
Donoho and Johnstone [9] is used in the context of (1) with dyadic, equispaced data, the
rate of convergence of the estimate f̂ to f is within log n of the optimal minimax rate of
their “oracle” estimator. For functions f lying in Besov or Hölder spaces with unknown
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smoothness parameter α, the rate achieved, measured globally by the expected mean
squared error, is

E

{
1

n

n∑

i=1

(
f̂(xi) − f(xi)

)2
}

= E

(
1

n

∥∥∥f̂ − f
∥∥∥

2

2

)
≤ C(log n)n−2α/(2α+1). (2)

Most methods, including VisuShrink, were developed with the discrete wavelet transform
(DWT) of Mallat [14] in mind. Since this orthogonal transform is a matrix with dyadic
dimensions, these methods have generally required a dyadic number of data points in
(1). Also, these methods usually assume that the sample points are equidistant from
one another over an interval, for example, xi = i/n or i/(n+ 1) on the interval [0, 1].

When the data does not meet one or both of these requirements, various modifi-
cations have been proposed. If n is not dyadic, it can be extended to a dyadic integer
by reflection or periodizing. For data that is not equispaced, Cai and Brown [5] inves-
tigated wavelet methods on samples with fixed designs via an approximation approach.
They showed that applying the methods devised for equispaced data directly to noneq-
uispaced data may lead to suboptimal estimators. They then proposed a method that
was adaptive and near optimal, but used the assumptions of i.i.d. noise and dyadic
number of sample points. Work has also been done with sample points that are not only
nonequispaced, but random as well. Hall and Turlach [11] used interpolation methods
to deal with samples with random design or fixed, nonequispaced dyadic points. Cai
and Brown [6] show that good rates can be obtained for certain random design schemes
using the DWT. This paper will deal with fixed, not random, designs.

Yet a further relaxation of the constraints in (1) can be made, this time on the
noise level assumptions. Instead of assuming that the noise are independent, identical
normal random variables, we can assume that they are normal random variables that are
correlated over the different sample points. Johnstone and Silverman [12] examined this
problem when there were equally spaced sample points and the number of points was
dyadic. There a bound is found on the rate of convergence that is within a logarithm
term of the minimax rate (for certain conditions on the covariance matrix). If the
coefficient variances are bounded for all n and f is in certain Besov spaces with unknown
smoothness parameter α, this rate is upper bounded by (2). They show that this bound
cannot be improved in terms of the order of n.

Kovac and Silverman [13] have looked at this problem when all three of the ideal
assumptions (dyadic sample size, equispaced points, and i.i.d. errors) are violated. They
propose an algorithm for estimating f that uses a term-by-term thresholding method
similar to VisuShrink, but taking into account the varying levels of noise. Their pa-
per is particularly interested in band-limited correlation matrices, and they present an
estimator whose computational efficiency is linear in the sample size n (i.e., for finite
bandwidth), which is of the same order as the computation time displayed by the DWT
in the i.i.d., equispaced, dyadic case. Their algorithm presents a method that estimates
the individual variances of the DWT coefficients. This estimator involves applying a
linear transformation to the data to map it to a set of dyadic, equispaced points. This
transformation allows the use of the DWT, but it induces dependence among the co-
efficients, even if the original data is uncorrelated. They deal primarily with the case
where the original data has i.i.d. errors or independent, heteroscedastic errors, but their
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method will extend to correlated data. They perform simulation studies of their esti-
mator and determine its computational complexity, but do not find results on its rate
of convergence to the true, unknown function f .

All of the previous cited work involves term-by-term wavelet thresholding estima-
tors. Hall et al.[10] and Cai [3] have examined wavelet estimation where the threshold-
ing of the DWT coefficients is done simultaneously in blocks of coefficients, rather than
term-by-term as in the VisuShrink estimator or in Kovac and Silverman [13]. Using
this block-thresholding method, minimax rates of convergence are attained to within a
constant of the optimal rate, rather than to within a logarithm of sample size as is the
case for term-by-term methods. These papers of Hall et al. and Cai give the rate only
for the i.i.d. case with dyadic sample sizes and equispaced design. Chicken [7] has shown
that these same fast rates are attained via block thresholding for some nonequispaced
and non-dyadic designs, but maintains the i.i.d. assumption.

These block thresholding papers do not consider situations where all three as-
sumptions do not hold. Kovac and Silverman [13] have considered the case where all
three assumptions are not met, but they only approach the problem from a term-by-
term viewpoint. This paper will consider such non-ideal cases from a block thresholding
perspective.

In this paper, linear transformations and block thresholding are applied to nondyadic,
non-i.i.d., nonequispaced data with various band-limited covariance structures. This
method makes use of Kovac and Silverman’s fast algorithm for estimating the covari-
ances of the transformed data. It will be shown that the log n penalty found in the global
convergence rate of the term-by-term estimators is removed. For comparison purposes,
a theorem is given that shows that the rate of convergence of Kovac and Silverman’s
estimator is the same as (2) or that found in Johnstone and Silverman [12], depending
on the boundedness assumptions made about the noise. Therefore, the global conver-
gence rate of this new block-thresholded estimator is better by a factor of log n than
the rate for the term-by-term estimator, whether the term-by-term estimator is applied
to ideal data (i.i.d., dyadic, equispaced) or not. This new estimator does not employ
coefficient-dependent thresholding as in Kovac and Silverman [13], but rather considers
all the variances of the coefficients in an entire block of coefficients, hence the term
“block-dependent”.

Additionally, this paper will examine the proposed block estimator’s performance
as measured in a local, or pointwise, sense instead of just the global measure at (2). This
will be measured by the expected squared error loss at each point xi. Brown and Low
[2] have shown that the best rate attainable for a function with unknown smoothness
parameter α is

E

(
f̂(xi) − f(xi)

)2

≤ C(log n)n−2α/(2α+1). (3)

This local adaptivity is measured over local Hölder classes, rather than the Besov classes
used in (2). It will be shown that the proposed estimator simultaneously attains both
these local and global optimal rates.

Both the Kovac and Silverman estimator and the estimator proposed in this paper
are adaptive in the sense that they attain their respective rates without knowing the
exact smoothness index of the family of functions. Additionally, the computation time
of each estimator is of the same order.
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In Section 2 of this article, the estimators are detailed, and background information
is given on wavelets and function spaces. Section 3 compares the performance of the
estimators via simulation and on a real data set. Section 4 contains the theoretical
results on the convergence rates of the estimators. The proofs of these theorems are
given in Section 5.

2 Wavelets, function spaces, and the estimators

2.1 Wavelets

φ and ψ will represent the father and mother wavelets, respectively. Both are assumed
to be compactly supported. Let φjk and ψjk be the translations and dilations of φ and
ψ:

φjk(x) = 2j/2φ(2jx− k),

ψjk(x) = 2j/2ψ(2jx− k).

Wavelets periodized to the interval [0, 1] will be used. The set

{φp
j0k : k = 1, ..., 2j0} ∪ {ψp

jk : j ≥ j0, k = 1, ..., 2j}

is an orthonormal basis of L2[0, 1], where

φp
jk(x) =

∞∑

l=−∞

φjk(x− l),

ψp
jk(x) =

∞∑

l=−∞

ψjk(x− l),

for x in [0, 1]. These periodized wavelets will be used with the superscript suppressed.
The functions to be estimated will be assumed to have domain of [0, 1], also. Minimal
changes are necessary if the period of the wavelets or the support of the functions is
changed to something other than [0, 1].

The wavelet coefficients for the wavelet transform of a function f ∈ L2 are the
usual inner product:

ξjk = 〈f, φjk〉,
θjk = 〈f, ψjk〉.

Hence, f can be expressed as an infinite series

f(x) =
2j0∑

k=1

ξj0kφj0k(x) +
∞∑

j=j0

2j∑

k=1

θjkψjk(x).

In terms of resolution, the ξj0k coefficients represent the coarsest, smoothest por-
tions of f , and the θjk are the coefficients representing the detailed structure of f . These
coefficients are not known since f is unknown. They will be estimated via the DWT.
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2.2 Function spaces and wavelets

The Besov space Bα
pq(M) for M <∞ is defined as follows. For α ≤ 1, define the Besov

norm of a function f as

‖f‖Bα
p,q

= ‖f‖Lp +





(∫ ∞

0

1

h

(
1

hα
‖f(· + h) − f(·)‖Lp

)q

dh

) 1

q

, q <∞,

sup
0<h

‖f(· + h) − f(·)‖Lp

hα
, q = ∞.

For α > 1, α = bαc + s, 0 < s ≤ 1,

‖f‖Bα
p,q

=

bαc∑

m=0

‖f (m)‖Bs
p,q
.

The space Bα
pq(M) is then the set of all functions f with finite Besov norms:

Bα
pq(M) = {f : ‖f‖Bα

p,q
≤M and, if α > 1, |f ′(x)| ≤M}.

The Hölder space Λα is a special case of a Besov space. Specifically, Λα = Bα
∞,∞. The

local Hölder space Λα(M,x0, δ) in the neighborhood of a point x0 is defined using the
above function norm and restricting h to (0, δ).

There is a relation between the function norm and the sequence norm in terms
of wavelets. If f ∈ Bα

pq and θ =
{
ξj0,1, . . . , ξj0,2j0 , θj0,1, . . .

}′
is the vector of wavelet

coefficents of f , then

‖f‖Bα
pq

= ‖ξj0·‖lp +




∞∑

j=j0


2j(α+1/2−1/p)

(
∑

k

|θjk|p
)1/p




q


1/q

(4)

See Daubechies [8]. Additionally, there is a relation between the wavelet coefficents θ
for a function and the empirical wavelet coefficients θ̃ derived from the DWT. Namely,
the empirical coefficients are on the order of

√
n times smaller than the true coefficients,

where n is the dimension of the DWT matrix.

2.3 The estimators

Suppose a noisy signal is received with an unknown underlying function f as in (1).
We assume that the correlation matrix is Σn×n, the sample points xi are fixed but
nonequispaced, and that n is not a dyadic integer. We will apply a linear interpolation
transformation Rn∗×n to the observed data yi to map it to a new vector ỹ of n∗ = 2J

dyadic, equispaced points, with 2J−1 < n ≤ 2J . This is done as follows. First, the
interval [0, 1] is divided into 2J equally sized, nonoverlapping subintervals. Then for
each subinterval, linear interpolation is applied using the two closest points to the left
and right of the midpoint of the subinterval that are closest to the midpoint. The
interpolation line evaluated at the midpoint is the new value ỹj. The new x-coordinates
are the midpoints of the subintervals and will be denoted as x̃1, x̃2, . . . , x̃n∗ .
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This is not the only transformation possible. For example, linear regression on the
points in a subinterval could also generate a dyadic set of equispaced points.

The original data was multivariate normal with mean

f̃ = (f(x1), f(x2), . . . , f(xn))′

and covariance Σ. After the transformation, ỹ is multivariate normal with mean (Rf̃)n∗×1

and covariance (RΣR′)n∗×n∗ . In Kovac and Silverman, R and Σ are assumed to have
finite bandwidths, and this assumption is carried over into this paper. This require-
ment ensures that the computational complexity is of order n. This restriction will be
discussed later in this section.

Since the data is now dyadic and equispaced, the DWT, W , may be applied to the
vector ỹ,

θ̃ =
1√
n∗
Wỹ =

1√
n∗
WRy.

θ̃ will be used to represent the vector of empirical wavelet coefficients generated by the
data and the DWT after the transformation is applied,

θ̃n∗×1 = (ξ̃j01, . . . , ξ̃j02j0 , θ̃j01, . . . , θ̃J−1,2J−1)′.

The DWT is an orthogonal transform and R is a linear transformation, so the normality
of the original data is preserved:

θ̃ ∼ normal((n∗)−1/2WRf̃, (n∗)−1WRΣR′W ′).

The vector of wavelet coefficients θ̃ is then thresholded by a rule η. In this paper,
block thresholding rules are considered. One block threshold rule is

ηB(θ̃jk, t) = θ̃jk · I(S2
B > t), (5)

where S2
B is the sum of squared detail coefficients θ̃jk within a specific block B of indices,

S2
B =

∑

l∈B

θ̃2
jl.

A related block threshold rule is based on a James-Stein shrinkage method:

ηJS(θ̃jk, t) = θ̃jk ·
(

1 − t

S2
B

)

+

, (6)

where S2
B is as before.

Kovac and Silverman considered only term-by-term thresholding. The term-by-
term threshold rule they used is given by

ηS(θ̃jk, t) = sgn(θ̃jk)(|θ̃jk| − t)+, (7)

where θ̃jk is a detail coefficient in θ̃ and t is some threshold. This rule is referred to as
the “soft” threshold rule.
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The resulting vector θ̂ given by θ̂jk = η(θ̃jk, t) then has the inverse DWT, W−1 =

W ′, applied to it, which is the estimate f̂ :

f̂ =
√
n∗W ′θ̂. (8)

In Johnstone and Silverman [12] and Kovac and Silverman [13], and for term-by-
term threshold wavelet methods in general, the value of t in (7) is taken to be a multiple
of the noise. In particular, for each detail component θ̃jk, the threshold t is taken to be
(n∗)−1/2σjk

√
2 log n∗, where (n∗)−1/2σjk is the standard deviation of θ̃jk, i.e., the square

root of the jkth diagonal element of (n∗)−1WRΣR′W ′. This is known as the “universal”
policy of thresholding. Kovac and Silverman give an algorithm for estimating these noise
levels quickly from the data. For theoretical purposes, these variances are assumed to
be known. In practice, their estimates will be used.

Kovac and Silverman also use the “SURE” policy to select a threshold. SURE
(Stein’s Unbiased Risk Estimate) will choose a threshold that minimizes the risk as
formulated by Stein [18]. In particular, suppose X is multivariate normal with mean θ
and and covariance matrix V . If θ̂ = θ̂(X) is an estimate of θ and g(X) = θ̂(X) − X,
then the mean squared error of θ̂ is

E‖θ̂ − θ‖2
2 = E‖g(X) +X − θ‖2

2 = E

(
tr(V ) +

∑

i

g2
i (X) + 2tr(V · dg(X)

)
,

where dg(X) is the matrix whose ijth entry is determined by ∂gi(X)/∂xj.
For block thresholding using the James-Stein shrinkage method, X is the unthresh-

olded vector of wavelet coefficients θ̃, θ is the DWT θR of Rf̃ , and V = (n∗)−1WRΣR′W ′.
The threshold t is taken to be a multiple of the noise in a block of coefficients. The ith
entry of g(θ̃) is given by

gi(θ̃) =





−θ̃i, S2
b ≤ λ

∑
k∈B(b) σ

2
k

θ̃iλ
∑

k∈B(b) σ
2
k/S

2
b , S2

b > λ
∑

k∈B(b) σ
2
k

Here, σ2
k is the variance of θ̃k, the summation is over all indices in the block of coefficients

containing index i, and S2
b is the block of coefficients containing θ̃i. To determine the

matrix dg(θ̃), first note that if θ̃i and θ̃j are in different blocks, then ∂gi(θ̃)/∂θ̃j = 0. If
they are in the same block, then

∂gi(θ̃)/∂θ̃j =





0, i 6= j, S2
b ≤ λ

∑
B(b) σ

2
k

−1, i = j, S2
b ≤ λ

∑
B(b) σ

2
k

θ̃iθ̃j2λ
∑

B(b) σ
2
k/(S

2
b )

2 i 6= j, S2
b > λ

∑
B(b) σ

2
k

λ
∑

B(b) σ
2
k[2θ̃

2
i − S2

b ]/(S
2
b )

2 i = j, S2
b > λ

∑
B(b) σ

2
k
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Using this information, the threshold parameter λJS > 0 is chosen to be the value of λ
that minimizes the quantity

∑

k

σ2
k +

∑

b


S2

b I(S
2
b ≤ λ

∑

B(b)

σ2
k) + (λ

∑

B(b)

σ2
k)

2/S2
b I(S

2
b > λ

∑

B(b)

σ2
k)


+ 2tr(V · dg(θ̃)),

(9)
where the summation over b is the summation over all blocks of coefficients.

The matrix dg is not diagonal, but is nearly so. It only contains non-zero off-
diagonal elements when the information in the coefficients in a block is larger than
the noise in a block, and only for points no more than a distance of log n∗ away from
the diagonal. Therefore, when trying to determine the value of λJS, the calculation of
tr(v · dg) will affect the computation time.

For the block thresholding rule ηB, the minimization is simpler. Again, t is taken
to be λ

∑
B(b) σ

2
k. Now, however, the matrix dg is diagonal: ∂gi(θ̃)/∂θ̃j = 0 if i 6= j and

∂gi(θ̃)/∂θ̃i =





−1, S2
b ≤ λ

∑
B(b) σ

2
k

0, S2
b > λ

∑
B(b) σ

2
k

Therefore, λB is chosen to minimize

tr(V ) +
∑

b

S2
b I(S

2
b ≤ λ

∑

B(b)

σ2
k) + 2tr(V · dg(θ̃)).

Or, since dg is diagonal,

∑

k

σ2
k +

∑

b

S2
b I(S

2
b ≤ λ

∑

B(b)

σ2
k) − 2

∑

k

σ2
kI(S

2
b ≤ λ

∑

B(b)

σ2
k).

Unlike the λJS case where the dg matrix is not diagonal, the minimization here can be
accomplished more quickly due to the simplicity of the expression for tr(V · dg). In all
these expressions, σ2

k is unknown, so its estimate will be used.

3 Simulations and an example

Before proceeding to a comparison of block thresholding and term-by-term thresholding
via theoretical asymptotic rates, the estimators are compared through simulations and
on a well known data set. The software package WaveThresh3 was used (Nason [16]).

3.1 Simulations

For simulations, several estimators were initially considered. Denote as BlockSure the
block estimator with threshold determined by the block-dependent noise and a constant
λ found by minimizing Stein’s unbiased risk estimate. The minimization used in the
SURE method for the James-Stein type estimator requires the computation the trace
of the product of two matrices: the covariance matrix V of the wavelet coefficients and
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the derivative matrix dg. While this can easily be computed with the singular value
decomposition method, it is expensive since the matrix dg has non-zero entries up to
log n∗ places away from the diagonal. In order to save on computing time, simulations
show that by only minimizing over diagonal matrices dg, i.e., setting all off-diagonals to
0, there is no appreciable loss in mean squared error. Therefore, BlockSure will refer to
the James-Stein type block estimator with minimization occurring only over diagonal
matrices dg. The matrix dg becomes

∂gi(θ̃)/∂θ̃i =





−1, S2
b ≤ λ

∑
B(b) σ

2
k

λ
∑

B(b) σ
2
k[2θ̃

2
i − S2

b ]/(S
2
b )

2 S2
b > λ

∑
B(b) σ

2
k

and the trace of V · dg is then
∑

k

σ2
k(−1 · I(S2 ≤ λ

∑

B(k)

σ2
k) + λ

∑

B(b)

σ2
k[2θ̃

2
i − S2

b ]/(S
2
b )

2I(S2
b > λ

∑

B(b)

σ2
k)).

λJS is then chosen to minimize (9) with the above substituted appropriately. The
minimization is over the interval (0,4.50524). This upper value is the optimal value for
λ in the iid, equispaced, dyadic case. See Cai [3]. For simulations showing the comparison
of BlockSure with diagonal dg and BlockSure without diagonal dg, see Tables 5 through
14.

The block estimator with rule ηB and threshold chosen by minimizing SURE was
also implemented. This estimator’s performance was almost always worse than that of
BlockSure. In general, if its MSE outperformed BlockSure, it was at the lower sample
sizes. This is analagous to the situation with term-by-term thresholding: soft-threshold
rules generally have lower MSE than hard-threshold rules.

A “universal” counterpart to BlockSure was also considered. BlockShrink uses the
James-Stein rule, but determines λ from theoretical results from Cai [3]. The value used
is λ = 4.50524.

Two term-by-term estimators with soft-thresholding were considered. Both are
detailed in Kovac and Silverman. The first is the VisuShrink estimator with universal
threshold policy. That is, the threshold is set to the coefficient noise σjk multiplied by√

2 log n∗. SureShrink refers to this estimator with the threshold found by minimizing
Stein’s unbiased risk estimate.

All estimators had the threshold constant λ found for all levels simultaneously,
rather than for each level of detail coefficients subject to thresholding. Additionally, the
lowest level of detail coefficients found was at level 3 for all simulations. The wavelets
used were Daubechies’ extremal phase wavelets with 5 vanishing moments.

These estimators were applied to simulated data sets of varying size, sample point
placement, signal to noise ratio, noise covariance structure, and test function. The
sample sizes simulated were generated in the following manner. For a dyadic integer n,
random, non-dyadic numbers was found between n/2 and n− 1 by choosing integers in
this range uniformly. The values of n used were n = 512, 1024, 2048, 4098 and 8192. For
example, when n = 512, data sets were generated with differing sample sizes ranging
from 257 to 511. Each data set is then transformed to a set of 512 data points via the
linear interpolation scheme described in Section 2.
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Eight test functions were used that represent a variety of function characteristics.
These are well known functions in the wavelet literature. Four are from Donoho and
Johnstone [9] and four are from Marron et al. [15]. These test functions have been
scaled so they all have a standard deviation of 10. See Appendix.

Non-equispaced placement of the sample points was done in a variety of methods.
They include placeing the points on the interval [0,1] uniformly, or distributed as a
Beta(9/10,11/10), Beta(1/2,1/2), or Beta(2,2) random variable. Also, a mixture of two
uniforms was simulated: a uniform[0,1/3] and a uniform[1/3,1].

Three types of noise covariance structures were used. First, simple i.i.d. normal
noise was added to the test data at signal to noise ratios of 5 and 7. This noise becomes
correlated after the transformation R is applied to the data. To determine σ, the es-
timators use only the highest level of detail coefficients, appropriately scaled to reflect
the transformation by R.

Next, independent, non-identical noise was added. Various methods were used to
generate the different variances in this case. Included in this paper is simulation data
from the following method: the noise variances ranged from 1 to 4 and were then scaled
to give signal to noise ratios of 5 and 7. The estimators find the initial values for the σi

using the same method as suggested in Kovac and Silverman. In particular, for data in
Tables 21 through 30, the diagonals of the covariance range from 4 to 1, decreasing an
equal amount each time. The signal to noise ratio is found by comparing the average
noise to the noise in the signal.

Finally, non-independent noise was modeled. As in Kovac and Silverman, it is
necessary to assume that the structure of the covariance is known or can be estimated
without the data. For the simulation data presented here, the covariance structure has
each data point positively correlated with the two nearest points. As in the previous
two cases, the noise is scaled. Specifically, in Tables 31 - 40, the covariance matrix
is as follows: the variances are 2, and each point is correlated with its neighbors, the
correlation being equal to 1 (except for the endpoints where the first and last variables
are correlated with only one other point).

The results of these simulations are presented beginning with Table 1. A discussion
of three of the cases follows. Here, the Beta(9/10, 11/10) distribution is used to place
the sample points and a signal to noise ratio of 7 is used. 20 data sets were generated
for each sample size range n.

As can be seen in Table 1 (data assumed to be i.i.d.), BlockSure and BlockShrink
outperform VisuShrink in all cases. Note that VisuShrink is usually not the best estima-
tor in terms of minimizing risk. It is better known for providing smooth reconstuctions,
at least when compared to SureShrink, which can include visually unpleasant artifacts.
However, as will be seen later in this section, BlockSure also provides smooth recon-
structions.

The more interesting comparisons are between the two block estimators and SureShrink.
These estimators all have the same theoretical convergence rate. Despite this, BlockSure
outperforms SureShrink in all cases presented in Table 1. BlockShrink does not perform
as well as BlockSure. It only has a lower MSE than BlockSure in 2 of the 32 cases, and
is worse than SureShrink in 21 of the cases.

In Table 2 (independent, but not identical noise), similar results are seen. Block-
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Sure always has lower MSE than SureShrink and VisuShrink, and BlockShrink always
has lower MSE than VisuShrink. BlockShrink is worse than SureShrink in 18 cases, and
beats BlockSure only once.

Finally, Table 3 gives results from simulations with correlated errors. Similar
results to the previous two cases are found here.

These results compare quite favorably with those in Cai [3]. There, the data was
dyadic and equispaced. Now, it can be seen that the benefits of block thresholding
carry over into the non-dyadic and non-equispaced case (as well as non-i.i.d. situations).
Choosing the threshold by minimizing SURE considerably lowers the MSE when com-
pared with the MSEs found by using the universal threshold of Cai for block estimators
or either type of threshold with term-by-term estimators.

11



Function

n BlockSure BlockB BlockShrink SureShrink VisuShrink

Blip

512 1.28 1.45 1.83 1.44 2.62
1024 0.56 0.86 0.74 0.67 1.42
2048 0.49 0.82 0.45 0.56 1.15
4096 0.23 0.42 0.26 0.28 0.65
8192 0.12 0.32 0.16 0.16 0.40

Blocks

512 5.44 5.61 6.39 5.56 9.44
1024 2.97 3.13 3.37 3.11 6.37
2048 1.68 1.87 1.74 1.81 4.31
4096 1.01 1.16 1.26 1.06 2.81
8192 0.53 0.69 0.74 0.59 1.76

Bumps

512 13.28 13.18 18.42 13.41 20.37
1024 6.64 6.61 7.14 6.88 12.82
2048 1.81 1.90 2.05 2.04 5.96
4096 0.71 0.81 1.13 0.83 3.19
8192 0.37 0.52 0.41 0.46 2.00

Corner

512 0.36 0.67 0.50 0.40 1.15
1024 0.21 0.55 0.28 0.28 0.73
2048 0.16 0.50 0.14 0.18 0.46
4096 0.10 0.29 0.10 0.11 0.30
8192 0.06 0.24 0.07 0.07 0.20

Doppler

512 1.87 1.99 2.57 2.14 4.97
1024 0.63 0.82 0.86 0.90 2.86
2048 0.31 0.61 0.40 0.49 1.71
4096 0.16 0.34 0.19 0.30 1.07
8192 0.08 0.28 0.09 0.19 0.63

Heavisine

512 0.53 0.81 0.86 0.54 1.17
1024 0.36 0.64 0.48 0.37 0.89
2048 0.20 0.54 0.27 0.24 0.61
4096 0.15 0.35 0.20 0.16 0.41
8192 0.09 0.28 0.11 0.11 0.29

Spikes

512 1.45 1.56 2.09 1.65 5.62
1024 0.52 0.72 0.73 0.64 2.84
2048 0.27 0.55 0.32 0.38 1.64
4096 0.18 0.34 0.25 0.25 1.06
8192 0.10 0.29 0.12 0.16 0.63
Wave

512 0.64 0.79 1.58 0.81 3.49
1024 0.32 0.56 0.56 0.49 2.64
2048 0.19 0.51 0.21 0.35 1.70
4096 0.08 0.27 0.09 0.21 0.94
8192 0.05 0.25 0.05 0.14 0.56

Table 1: Mean-squared errors from 20 replications, signal to noise ratio of 7, sample
points following a Beta(9/10, 11/10) distribution, iid errors.
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Function

n BlockShrink BlockSure VisuShrink SureShrink

Blip

512 1.34 1.31 2.20 1.44
1024 0.61 0.60 1.27 0.74
2048 0.42 0.43 0.89 0.50
4096 0.21 0.20 0.47 0.27

Blocks

512 5.57 5.02 9.01 5.07
1024 3.57 3.19 6.36 3.29
2048 1.78 1.54 4.05 1.67
4096 1.23 0.97 2.64 1.03

Bumps

512 19.14 17.42 26.10 17.66
1024 7.61 6.73 13.78 7.01
2048 2.55 2.18 6.83 2.45
4096 1.04 0.80 3.48 0.94

Corner

512 0.40 0.31 0.95 0.38
1024 0.25 0.22 0.63 0.27
2048 0.14 0.13 0.39 0.17
4096 0.09 0.08 0.25 0.11

Doppler

512 3.43 2.13 7.50 2.19
1024 1.39 0.90 4.57 1.00
2048 0.55 0.40 2.28 0.51
4096 0.27 0.21 1.42 0.32

Heavisine

512 0.74 0.51 1.18 0.52
1024 0.40 0.31 0.84 0.33
2048 0.25 0.21 0.60 0.24
4096 0.19 0.14 0.37 0.15

Spikes

512 3.27 2.89 7.46 3.16
1024 0.61 0.48 2.68 0.66
2048 0.32 0.26 1.58 0.39
4096 0.20 0.15 0.93 0.24
Wave

512 1.42 0.67 4.01 0.85
1024 0.48 0.31 2.76 0.51
2048 0.21 0.18 1.62 0.34
4096 0.08 0.08 0.91 0.22

Table 2: Mean-squared errors from 20 replications, signal to noise ratio of 7, sample
points following a Beta(9/10, 11/10) distribution, noise is independent, not identical
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Function

n BlockShrink BlockSure VisuShrink SureShrink

Blip

512 1.67 1.57 3.12 1.74
1024 0.89 0.82 2.27 0.97
2048 0.56 0.55 1.48 0.64
4096 0.32 0.29 0.92 0.36

Blocks

512 5.45 4.96 9.74 5.08
1024 3.67 3.20 7.61 3.38
2048 2.11 1.76 5.28 1.92
4096 1.69 1.25 3.89 1.31

Bumps

512 16.65 15.78 22.58 15.99
1024 6.63 6.01 13.06 6.31
2048 2.74 2.35 7.59 2.60
4096 1.36 1.02 4.68 1.19

Corner

512 0.81 0.61 1.78 0.63
1024 0.40 0.32 1.07 0.38
2048 0.21 0.20 0.74 0.25
4096 0.14 0.13 0.48 0.17

Doppler

512 2.59 2.23 5.53 2.47
1024 1.09 0.86 3.70 1.17
2048 0.60 0.46 2.59 0.71
4096 0.30 0.23 1.57 0.42

Heavisine

512 1.10 0.77 1.54 0.74
1024 0.71 0.51 1.24 0.50
2048 0.39 0.30 0.86 0.31
4096 0.27 0.19 0.57 0.21

Spikes

512 2.58 2.04 6.98 2.18
1024 0.99 0.76 4.18 0.91
2048 0.58 0.46 2.64 0.57
4096 0.42 0.30 1.71 0.40
Wave

512 2.17 1.23 4.87 1.31
1024 1.00 0.59 3.72 0.77
2048 0.42 0.33 2.62 0.53
4096 0.17 0.16 1.68 0.35

Table 3: Mean-squared errors from 20 replications, signal to noise ratio of 7, sample
points following a Beta(9/10, 11/10) distribution, noise is correlated
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Figures 1 and 2 show typical reconstructions for two of the test functions using
these different estimators. Each use a signal to noise ratio of 7 and the uniform (0, 1)
distribution for sample point placement. In Figure 1, the number of data points is 830
and the function Doppler is used. Figure 2 has 696 points and uses the Spikes function.
In both cases, independent, non-identical noise has been added to the test signal in the
same fashion as for the simulations reported earlier.
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Figure 1: Reconstruction of Doppler.

The upper left panel in each of Figures 1 and 2 shows the results of the VisuShrink
estimator. For both test functions, this is the worst reconstruction in terms of MSE
(see Table 4.) In each case, the VisuShrink method gives a clean, smooth estimate, but
is oversmoothing the peaks and valleys. SureShrink picks up these details better, but
the estimates are somewhat spiky in nature. The BlockSure estimator does just as well
at capturing the details of the signal as SureShrink does, and smoothing out the some
of the spiky nature of the SureShrink estimate. Additionally, BlockSure has the lowest
MSE of the four estimates. BlockShrink is smoother than BlockSure, and still has a
reasonable MSE when compared to SureShrink and BlockSure. For situations where
smoothness is desirable, BlockShrink seems superior to VisuShrink since it has lower
MSE. Where smoothness of reconstruction is secondary to low MSE, BlockSure appears
to be the best choice.
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Figure 2: Reconstruction of Spikes.

Function n BlockSure BlockShrink SureShrink VisuShrink

Doppler 830 0.941 1.348 1.030 4.503
Spikes 696 0.623 0.843 0.875 3.505

Table 4: Mean-squared errors for the functions in Figures 1 and 2

3.2 An example

Now, the estimators are compared on a real set of data. Figure 3 contains a data set
collected by Brinkman [1]. There are n = 88 observations in this set. Each observation
consists of three measurements: the concentration of NO and NO2 emissions from a
single-cylinder engine, the engine’s equivalence ratio, and the engine’s compression ratio.
Here, only the concentration of NO and NO2 and the equivalence ratio are considered.
The data has been scaled to lie on the interval [0, 1]. The data is not equispaced, and a
scatterplot reveals nonconstant variance.

Eight separate wavelet analyses were applied to this data. In each, the data was as-
sumed to follow the model (1) and a wavelet with five vanishing moments was employed.
Four levels of detail coefficients beginning at level 3 were subjected to thresholding.

First, the term-by-term method VisuShrink was used. The noise is assumed to be
i.i.d. normal random variables. The noise level σ was estimated only with the highest
level coefficients. Here, however, they are normalized as in Kovac and Silverman to take
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Figure 3: Analysis of data from Brinkman [1].

into account the unequal variances of the coefficients after the transformation by R. Soft
thresholding is applied, taking into account the varying noise levels of the coefficients.
The results are plotted in the upper left of Figure 3.

Next, VisuShrink was applied to the data where the errors are now assumed to be
independent, but not identical. The noise level is estimated as in Kovac and Silverman
from the data and used to “seed” their algorithm for determining wavelet coefficient
variances. The results are displayed in the upper right panel of Figure 3.

In addition to these two term-by-term estimates, block estimates were also found.
The threshold rule is the James-Stein rule given at (6). The lower left of the figure
contains the results when assuming i.i.d. errors and using the BlockShrink estimator.
The noise level σ is determined as before from the highest level coefficients. The block
size is 4, the closest integer less than or equal to L = log 128 that divides the number of
detail coefficients in each level.

Finally, BlockShrink is applied without the assumption of identical errors. Initial
noise estimation is done as before. The BlockShrink estimate is shown in the lower right
of Figure 3.

In Figure 4, some additional analyses are depicted. These reconstructions all are
SURE-based. The top panel is SureShrink where the data is assumed to be independent,
but not identical (the i.i.d. case gave same results for this data and is not plotted). The
lower two panels are BlockSure with and without the identical error assumption, but
independence is assumed. As can be seen, the BlockSure estimates are smoother than
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Figure 4: Analysis of data from Brinkman [1].

SureShrink, and the non-i.i.d. case appears best.
In general, these estimates are not as visually pleasing as the universal type esti-

mators shown in Figure 3. The Sure based estimates have lower MSE as evidenced in
the simulations of the previous section, but at the expense of smoothness.
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Function

n Diagonal Not Diagonal Threshold (Diag) Threshold (Not Diag)

Blip

512 1.646 1.650 2.100 2.020
1024 0.781 0.777 2.567 2.228
2048 0.430 0.412 2.900 2.564
4096 0.280 0.271 2.407 2.084

Blocks

512 6.873 6.876 1.300 1.324
1024 3.559 3.567 1.367 1.468
2048 2.223 2.231 1.833 1.764
4096 1.445 1.457 1.593 1.444

Bumps

512 18.152 18.176 1.420 1.364
1024 8.562 8.555 1.593 1.588
2048 2.799 2.811 1.900 1.724
4096 1.100 1.108 1.713 1.580

Corner

512 0.651 0.641 2.327 2.076
1024 0.365 0.354 2.420 2.260
2048 0.252 0.232 2.753 2.500
4096 0.141 0.130 2.553 2.052

Doppler

512 3.179 3.188 1.633 1.612
1024 1.415 1.431 2.020 1.852
2048 0.556 0.547 2.433 2.172
4096 0.314 0.311 2.193 1.996

Heavisine

512 0.907 0.925 1.873 1.828
1024 0.583 0.601 2.127 1.996
2048 0.356 0.359 2.447 2.156
4096 0.231 0.229 1.953 1.796

Spikes

512 2.100 2.156 1.833 1.540
1024 1.071 1.072 2.087 1.988
2048 0.503 0.494 2.287 2.060
4096 0.293 0.291 2.087 1.988
Wave

512 1.386 1.383 1.353 1.300
1024 0.739 0.742 1.967 1.884
2048 0.340 0.339 2.567 2.436
4096 0.167 0.160 2.687 2.332

Table 5: Mean-squared errors and average threshold values from 20 replications, com-
paring BlockSure with diagonal dg to BlockSure without diagonal dg. Sample points
following a uniform distribution, signal to noise ratio of 5.
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Function

n Diagonal Not Diagonal Threshold (Diag) Threshold (Not Diag)

Blip

512 1.780 1.776 2.007 1.812
1024 0.792 0.790 2.513 2.420
2048 0.598 0.595 2.487 2.244
4096 0.384 0.383 2.193 2.060

Blocks

512 6.483 6.495 1.260 1.244
1024 3.509 3.515 1.713 1.548
2048 1.936 1.932 1.833 1.740
4096 1.389 1.390 1.620 1.548

Bumps

512 19.703 19.729 1.367 1.276
1024 6.664 6.688 1.633 1.580
2048 2.373 2.388 1.967 1.788
4096 1.189 1.188 1.687 1.556

Corner

512 0.682 0.697 2.327 2.148
1024 0.373 0.363 2.567 2.340
2048 0.241 0.228 2.860 2.516
4096 0.145 0.134 2.300 2.004

Doppler

512 2.275 2.285 1.513 1.508
1024 1.019 1.018 1.940 1.852
2048 0.549 0.536 2.447 2.180
4096 0.256 0.257 2.140 1.980

Heavisine

512 0.900 0.903 1.713 1.652
1024 0.664 0.661 2.100 1.916
2048 0.365 0.366 2.447 2.164
4096 0.239 0.236 1.993 1.876

Spikes

512 2.071 2.072 1.633 1.700
1024 1.015 1.006 1.967 1.876
2048 0.567 0.560 2.207 2.004
4096 0.355 0.349 1.953 1.788
Wave

512 1.262 1.277 1.313 1.252
1024 0.727 0.714 1.967 1.780
2048 0.373 0.367 2.460 2.260
4096 0.163 0.160 2.633 2.268

Table 6: Mean-squared errors and average threshold values from 20 replications, com-
paring BlockSure with diagonal dg to BlockSure without diagonal dg. Sample points
following a Beta(9/10, 11/10) distribution, signal to noise ratio of 5.
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Function

n Diagonal Not Diagonal Threshold (Diag) Threshold (Not Diag)

Blip

512 1.532 1.522 1.828 1.764
1024 0.683 0.679 2.356 2.244
2048 0.379 0.369 2.612 2.396
4096 0.268 0.266 2.276 2.116

Blocks

512 6.699 6.698 1.292 1.292
1024 4.307 4.302 1.540 1.460
2048 2.355 2.371 1.780 1.676
4096 1.520 1.523 1.484 1.452

Bumps

512 19.642 19.660 1.340 1.292
1024 11.000 11.016 1.604 1.556
2048 3.679 3.681 1.804 1.756
4096 1.344 1.349 1.684 1.644

Corner

512 0.638 0.638 2.132 1.988
1024 0.377 0.372 2.324 2.236
2048 0.241 0.236 2.764 2.500
4096 0.123 0.121 2.524 2.444

Doppler

512 5.207 5.232 1.548 1.428
1024 1.980 1.988 1.948 1.836
2048 0.861 0.858 2.124 1.996
4096 0.419 0.417 2.028 1.964

Heavisine

512 0.905 0.915 1.796 1.732
1024 0.606 0.606 2.292 2.164
2048 0.386 0.370 2.364 2.204
4096 0.238 0.235 2.068 1.884

Spikes

512 2.317 2.324 1.772 1.716
1024 1.092 1.100 2.172 1.964
2048 0.517 0.505 2.188 2.020
4096 0.310 0.309 2.036 1.940
Wave

512 1.558 1.554 1.340 1.300
1024 0.814 0.816 1.956 1.764
2048 0.401 0.402 2.340 2.260
4096 0.184 0.177 2.580 2.228

Table 7: Mean-squared errors and average threshold values from 20 replications, com-
paring BlockSure with diagonal dg to BlockSure without diagonal dg. Sample points
following a mixture of uniform distributions, signal to noise ratio of 5.
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Function

n Diagonal Not Diagonal Threshold (Diag) Threshold (Not Diag)

Blip

512 1.971 1.971 1.892 1.892
1024 0.906 0.902 2.156 2.012
2048 0.610 0.597 2.516 2.260
4096 0.428 0.426 2.196 2.108

Blocks

512 5.980 5.982 1.284 1.228
1024 4.201 4.199 1.436 1.420
2048 2.296 2.298 1.692 1.684
4096 1.512 1.512 1.532 1.500

Bumps

512 20.246 20.241 1.236 1.276
1024 8.848 8.865 1.596 1.524
2048 3.188 3.189 1.924 1.812
4096 1.456 1.459 1.652 1.564

Corner

512 0.885 0.892 1.804 1.724
1024 0.638 0.644 2.052 1.948
2048 0.340 0.335 2.420 2.324
4096 0.217 0.212 2.500 2.268

Doppler

512 5.315 5.318 1.756 1.732
1024 3.457 3.457 1.844 1.764
2048 1.761 1.753 2.044 1.956
4096 1.022 1.023 1.892 1.828

Heavisine

512 1.493 1.493 1.612 1.612
1024 0.913 0.913 1.756 1.756
2048 0.513 0.506 2.164 1.908
4096 0.297 0.294 1.876 1.748

Spikes

512 2.092 2.089 1.516 1.532
1024 0.960 0.954 1.724 1.644
2048 0.622 0.618 2.052 1.972
4096 0.438 0.417 1.860 1.668
Wave

512 3.988 3.987 1.212 1.204
1024 1.683 1.653 1.724 1.628
2048 1.202 1.193 2.068 1.980
4096 0.388 0.382 1.932 1.844

Table 8: Mean-squared errors and average threshold values from 20 replications, com-
paring BlockSure with diagonal dg to BlockSure without diagonal dg. Sample points
following a Beta(2, 2) distribution, signal to noise ratio of 5.

22



Function

n Diagonal Not Diagonal Threshold (Diag) Threshold (Not Diag)

Blip

512 1.749 1.727 1.852 1.756
1024 0.953 0.946 2.420 2.268
2048 0.615 0.610 2.908 2.484
4096 0.299 0.296 2.124 1.972

Blocks

512 7.566 7.567 1.260 1.212
1024 3.776 3.786 1.484 1.372
2048 2.537 2.540 1.700 1.692
4096 1.466 1.470 1.540 1.444

Bumps

512 20.438 20.445 1.260 1.284
1024 10.517 10.518 1.460 1.460
2048 2.887 2.894 1.780 1.740
4096 1.681 1.686 1.604 1.532

Corner

512 0.721 0.710 2.020 1.900
1024 0.442 0.435 2.332 2.236
2048 0.246 0.239 2.492 2.404
4096 0.156 0.153 2.388 2.196

Doppler

512 2.645 2.645 1.580 1.420
1024 1.109 1.117 1.900 1.780
2048 0.551 0.545 2.188 2.060
4096 0.293 0.287 2.068 1.868

Heavisine

512 0.970 0.985 1.708 1.628
1024 0.684 0.685 1.964 1.892
2048 0.425 0.426 2.236 2.220
4096 0.298 0.296 1.884 1.796

Spikes

512 4.154 4.154 1.556 1.580
1024 1.361 1.361 1.860 1.796
2048 0.662 0.669 2.204 1.876
4096 0.372 0.369 1.940 1.836
Wave

512 1.585 1.589 1.412 1.364
1024 0.830 0.834 1.796 1.684
2048 0.417 0.411 2.364 2.188
4096 0.188 0.172 2.348 2.132

Table 9: Mean-squared errors and average threshold values from 20 replications, com-
paring BlockSure with diagonal dg to BlockSure without diagonal dg. Sample points
following a Beta(1/2, 1/2) distribution, signal to noise ratio of 5.
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Function

n Diagonal Not Diagonal Threshold (Diag) Threshold (Not Diag)

Blip

512 1.294 1.299 2.116 1.988
1024 0.611 0.610 2.572 2.364
2048 0.319 0.317 2.652 2.484
4096 0.192 0.188 2.316 2.180

Blocks

512 6.028 6.030 1.332 1.316
1024 3.005 3.008 1.500 1.484
2048 1.796 1.796 1.828 1.804
4096 1.086 1.087 1.612 1.524

Bumps

512 17.105 17.109 1.332 1.324
1024 7.726 7.736 1.668 1.596
2048 2.260 2.271 2.012 1.884
4096 0.723 0.727 1.700 1.604

Corner

512 0.357 0.363 2.004 1.900
1024 0.211 0.212 2.476 2.356
2048 0.141 0.137 2.596 2.484
4096 0.088 0.084 2.108 1.924

Doppler

512 2.628 2.632 1.756 1.668
1024 1.047 1.049 1.956 1.828
2048 0.334 0.334 2.420 2.260
4096 0.172 0.172 2.044 1.948

Heavisine

512 0.552 0.563 1.796 1.676
1024 0.346 0.342 2.060 1.980
2048 0.210 0.207 2.468 2.252
4096 0.139 0.139 1.900 1.812

Spikes

512 1.529 1.525 1.596 1.500
1024 0.673 0.674 1.980 1.860
2048 0.268 0.264 2.220 2.060
4096 0.155 0.153 2.188 1.924
Wave

512 0.731 0.737 1.452 1.332
1024 0.360 0.357 2.204 2.036
2048 0.167 0.166 2.756 2.604
4096 0.087 0.082 2.748 2.388

Table 10: Mean-squared errors and average threshold values from 20 replications, com-
paring BlockSure with diagonal dg to BlockSure without diagonal dg. Sample points
following a uniform distribution, signal to noise ratio of 7.
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Function

n Diagonal Not Diagonal Threshold (Diag) Threshold (Not Diag)

Blip

512 1.420 1.423 2.164 1.956
1024 0.617 0.617 2.596 2.548
2048 0.450 0.447 2.468 2.292
4096 0.273 0.272 2.164 2.028

Blocks

512 5.716 5.715 1.356 1.332
1024 2.935 2.940 1.700 1.500
2048 1.493 1.493 1.852 1.820
4096 1.045 1.046 1.620 1.580

Bumps

512 18.554 18.584 1.356 1.276
1024 5.913 5.921 1.700 1.636
2048 1.846 1.852 1.876 1.756
4096 0.792 0.793 1.644 1.556

Corner

512 0.378 0.383 2.140 2.036
1024 0.203 0.198 2.580 2.372
2048 0.143 0.140 2.796 2.516
4096 0.089 0.088 2.116 1.956

Doppler

512 1.802 1.801 1.524 1.468
1024 0.655 0.653 2.084 1.868
2048 0.310 0.305 2.404 2.220
4096 0.137 0.137 2.124 1.972

Heavisine

512 0.561 0.561 1.572 1.572
1024 0.380 0.381 1.868 1.748
2048 0.209 0.205 2.340 2.124
4096 0.142 0.142 1.948 1.804

Spikes

512 1.406 1.420 1.676 1.612
1024 0.599 0.598 1.820 1.796
2048 0.305 0.306 2.220 2.148
4096 0.184 0.183 1.932 1.772
Wave

512 0.658 0.658 1.396 1.324
1024 0.348 0.347 2.076 2.060
2048 0.178 0.177 2.844 2.604
4096 0.085 0.083 2.740 2.476

Table 11: Mean-squared errors and average threshold values from 20 replications, com-
paring BlockSure with diagonal dg to BlockSure without diagonal dg. Sample points
following a Beta(9/10, 11/10) distribution, signal to noise ratio of 7.
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Function

n Diagonal Not Diagonal Threshold (Diag) Threshold (Not Diag)

Blip

512 1.253 1.243 2.020 1.932
1024 0.440 0.441 2.644 2.524
2048 0.284 0.279 2.804 2.556
4096 0.191 0.189 2.372 2.140

Blocks

512 5.252 5.250 1.324 1.300
1024 3.490 3.487 1.540 1.508
2048 1.691 1.694 1.812 1.708
4096 1.111 1.108 1.612 1.444

Bumps

512 18.823 18.823 1.492 1.492
1024 11.290 11.302 1.652 1.596
2048 2.540 2.548 1.836 1.764
4096 1.188 1.191 1.740 1.636

Corner

512 0.367 0.364 1.940 1.868
1024 0.235 0.226 2.252 2.084
2048 0.133 0.126 2.668 2.436
4096 0.092 0.089 2.132 2.012

Doppler

512 3.725 3.725 1.556 1.564
1024 1.600 1.608 1.948 1.748
2048 0.643 0.642 2.156 2.084
4096 0.268 0.267 1.988 1.876

Heavisine

512 0.547 0.556 1.660 1.500
1024 0.363 0.359 1.868 1.780
2048 0.220 0.221 2.276 2.236
4096 0.160 0.159 1.796 1.724

Spikes

512 4.709 4.702 1.556 1.436
1024 0.674 0.679 1.956 1.844
2048 0.313 0.313 2.340 2.244
4096 0.175 0.170 2.100 1.996
Wave

512 0.751 0.752 1.324 1.348
1024 0.380 0.376 1.948 1.780
2048 0.186 0.180 2.780 2.556
4096 0.090 0.089 2.564 2.316

Table 12: Mean-squared errors and average threshold values from 20 replications, com-
paring BlockSure with diagonal dg to BlockSure without diagonal dg. Sample points
following a mixture of uniform distributions, signal to noise ratio of 7.
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Function

n Diagonal Not Diagonal Threshold (Diag) Threshold (Not Diag)

Blip

512 1.309 1.310 2.100 2.068
1024 0.730 0.724 2.452 2.108
2048 0.442 0.437 2.524 2.332
4096 0.268 0.267 2.236 2.100

Blocks

512 5.514 5.536 1.340 1.260
1024 3.484 3.483 1.548 1.476
2048 1.889 1.890 1.780 1.668
4096 1.152 1.152 1.588 1.476

Bumps

512 18.327 18.313 1.260 1.276
1024 7.155 7.172 1.660 1.572
2048 2.386 2.386 1.788 1.780
4096 0.982 0.982 1.636 1.588

Corner

512 0.560 0.547 1.780 1.668
1024 0.311 0.310 2.124 2.108
2048 0.189 0.185 2.404 2.220
4096 0.134 0.126 2.316 2.044

Doppler

512 4.420 4.417 1.708 1.652
1024 2.580 2.579 1.900 1.892
2048 1.782 1.780 2.140 2.060
4096 0.859 0.860 1.948 1.836

Heavisine

512 0.880 0.880 1.356 1.356
1024 0.537 0.527 1.668 1.572
2048 0.296 0.294 2.092 1.988
4096 0.227 0.221 1.852 1.732

Spikes

512 1.121 1.136 1.612 1.516
1024 0.530 0.536 1.996 1.844
2048 0.345 0.342 2.076 1.956
4096 0.204 0.201 2.068 1.860
Wave

512 2.684 2.679 1.500 1.476
1024 1.651 1.647 1.844 1.788
2048 0.702 0.702 2.124 2.084
4096 0.232 0.228 2.156 1.948

Table 13: Mean-squared errors and average threshold values from 20 replications, com-
paring BlockSure with diagonal dg to BlockSure without diagonal dg. Sample points
following a Beta(2, 2) distribution, signal to noise ratio of 7.
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Function

n Diagonal Not Diagonal Threshold (Diag) Threshold (Not Diag)

Blip

512 1.474 1.473 2.020 1.988
1024 0.687 0.689 2.492 2.396
2048 0.289 0.290 2.852 2.500
4096 0.199 0.196 2.284 2.068

Blocks

512 6.619 6.618 1.452 1.452
1024 3.485 3.486 1.580 1.500
2048 1.675 1.674 1.780 1.716
4096 1.138 1.138 1.604 1.572

Bumps

512 28.979 28.979 1.412 1.412
1024 9.053 9.079 1.644 1.532
2048 2.448 2.451 1.788 1.732
4096 1.037 1.037 1.692 1.692

Corner

512 0.435 0.432 1.668 1.644
1024 0.249 0.246 2.236 2.172
2048 0.174 0.173 2.500 2.372
4096 0.102 0.099 2.404 2.004

Doppler

512 2.213 2.232 1.532 1.436
1024 0.732 0.737 1.868 1.756
2048 0.320 0.322 2.348 2.148
4096 0.153 0.153 2.268 2.036

Heavisine

512 0.600 0.599 1.588 1.564
1024 0.432 0.426 1.772 1.684
2048 0.233 0.231 2.420 2.244
4096 0.168 0.170 1.812 1.708

Spikes

512 3.635 3.638 1.764 1.716
1024 0.901 0.899 1.828 1.740
2048 0.344 0.344 1.956 1.892
4096 0.223 0.223 1.996 1.796
Wave

512 0.928 0.923 1.468 1.364
1024 0.381 0.382 1.996 1.900
2048 0.225 0.219 2.500 2.252
4096 0.112 0.109 2.524 2.188

Table 14: Mean-squared errors and average threshold values from 20 replications, com-
paring BlockSure with diagonal dg to BlockSure without diagonal dg. Sample points
following a Beta(1/2, 1/2) distribution, signal to noise ratio of 7.
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Function

n BlockSure BlockB BlockShrink SureShrink VisuShrink

Blip

512 1.49 1.62 1.80 1.62 3.34
1024 0.86 1.12 0.68 0.95 2.19
2048 0.50 0.84 0.47 0.59 1.28
4096 0.22 0.39 0.28 0.28 0.74
8192 0.17 0.38 0.15 0.23 0.52

Blocks

512 5.30 5.37 6.65 5.37 10.58
1024 3.00 3.14 3.76 3.11 7.01
2048 1.85 2.04 1.97 1.96 4.96
4096 1.08 1.20 1.23 1.15 3.08
8192 0.61 0.76 0.79 0.68 2.01

Bumps

512 19.46 19.53 20.82 19.57 24.94
1024 8.63 8.59 9.35 8.89 14.53
2048 2.27 2.37 3.53 2.50 6.33
4096 0.94 1.02 1.18 1.06 3.57
8192 0.40 0.54 0.54 0.49 1.98

Corner

512 0.45 0.74 0.59 0.47 1.29
1024 0.30 0.58 0.38 0.33 0.99
2048 0.21 0.54 0.18 0.25 0.61
4096 0.14 0.34 0.12 0.17 0.38
8192 0.08 0.28 0.09 0.11 0.26

Doppler

512 5.15 5.28 5.37 5.28 7.39
1024 3.02 3.27 2.62 3.18 4.62
2048 1.43 1.72 1.52 1.56 2.85
4096 0.81 0.97 1.01 0.88 1.77
8192 0.44 0.62 0.53 0.51 1.23

Heavisine

512 0.88 1.29 1.15 0.88 1.29
1024 0.53 0.83 0.58 0.57 1.00
2048 0.29 0.63 0.29 0.33 0.69
4096 0.17 0.36 0.28 0.21 0.47
8192 0.11 0.32 0.15 0.17 0.33

Spikes

512 1.65 1.77 1.57 1.74 4.80
1024 0.53 0.74 0.87 0.64 2.46
2048 0.32 0.60 0.42 0.43 1.58
4096 0.21 0.38 0.25 0.30 0.94
8192 0.12 0.32 0.13 0.21 0.59
Wave

512 3.35 3.64 3.74 3.51 6.10
1024 0.87 1.10 1.77 0.99 3.26
2048 0.87 1.20 0.70 0.98 2.61
4096 0.30 0.49 0.25 0.43 1.47
8192 0.12 0.32 0.10 0.24 1.02

Table 15: Mean-squared errors from 20 replications, signal to noise ratio of 7, sample
points following a Beta(2, 2) distribution, iid errors.
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Function

n BlockSure BlockB BlockShrink SureShrink VisuShrink

Blip

512 1.18 1.39 1.51 1.35 2.33
1024 0.68 0.97 0.72 0.80 1.63
2048 0.42 0.74 0.49 0.50 1.05
4096 0.29 0.49 0.30 0.35 0.70
8192 0.16 0.34 0.17 0.20 0.43

Blocks

512 6.90 7.01 6.94 7.00 11.96
1024 3.51 3.72 4.06 3.67 7.46
2048 1.87 2.08 2.08 1.97 4.70
4096 1.22 1.35 1.46 1.26 3.25
8192 0.71 0.85 0.88 0.76 2.26

Bumps

512 26.28 26.13 27.68 26.42 33.41
1024 9.85 9.79 11.38 10.14 16.98
2048 3.31 3.35 3.92 3.54 8.26
4096 0.99 1.07 1.23 1.13 4.08
8192 0.43 0.56 0.56 0.52 2.29

Corner

512 0.38 0.63 0.52 0.40 1.17
1024 0.27 0.60 0.31 0.32 0.79
2048 0.16 0.50 0.16 0.20 0.50
4096 0.10 0.29 0.11 0.13 0.34
8192 0.06 0.27 0.07 0.08 0.21

Doppler

512 2.12 2.16 2.38 2.42 6.20
1024 0.72 0.86 1.11 0.97 3.53
2048 0.32 0.57 0.40 0.53 2.17
4096 0.17 0.36 0.17 0.33 1.24
8192 0.08 0.28 0.09 0.20 0.72

Heavisine

512 0.67 0.94 0.84 0.64 1.33
1024 0.38 0.66 0.53 0.40 0.97
2048 0.26 0.60 0.29 0.27 0.71
4096 0.17 0.37 0.25 0.18 0.48
8192 0.11 0.29 0.15 0.11 0.33

Spikes

512 2.57 2.71 5.45 2.74 7.01
1024 0.67 0.90 1.01 0.81 3.48
2048 0.34 0.62 0.46 0.45 2.21
4096 0.20 0.37 0.30 0.28 1.31
8192 0.12 0.32 0.14 0.19 0.78
Wave

512 0.87 0.95 1.68 0.97 4.09
1024 0.44 0.71 0.55 0.61 2.82
2048 0.20 0.52 0.26 0.36 1.88
4096 0.11 0.30 0.10 0.25 1.18
8192 0.06 0.26 0.05 0.16 0.64

Table 16: Mean-squared errors from 20 replications, signal to noise ratio of 7, sample
points following a Beta(1/2, 1/2) distribution, iid errors.
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Function

n BlockSure BlockB BlockShrink SureShrink VisuShrink

Blip

512 1.19 1.42 0.98 1.36 2.43
1024 0.60 0.90 0.48 0.70 1.41
2048 0.40 0.75 0.42 0.47 0.90
4096 0.19 0.37 0.21 0.24 0.55
8192 0.12 0.32 0.13 0.16 0.35

Blocks

512 4.81 4.95 6.20 4.94 9.49
1024 2.87 3.05 3.36 3.03 6.30
2048 1.72 1.95 1.68 1.84 4.34
4096 0.94 1.08 1.23 1.00 2.66
8192 0.55 0.72 0.68 0.61 1.76

Bumps

512 18.76 18.48 1 17.48 9.10 27.69
1024 5.94 5.89 7.58 6.24 12.09
2048 2.00 2.11 2.87 2.25 6.03
4096 0.82 0.91 1.00 0.95 3.34
8192 0.31 0.46 0.45 0.39 1.80

Corner

512 0.35 0.63 0.41 0.42 1.13
1024 0.20 0.50 0.25 0.24 0.67
2048 0.12 0.44 0.14 0.15 0.43
4096 0.09 0.30 0.09 0.11 0.30
8192 0.06 0.25 0.07 0.07 0.18

Doppler

512 2.57 2.66 2.67 2.83 5.84
1024 0.87 1.09 1.03 1.12 3.17
2048 0.37 0.64 0.47 0.54 1.84
4096 0.17 0.33 0.22 0.30 1.15
8192 0.08 0.28 0.11 0.18 0.66

Heavisine

512 0.52 0.72 0.75 0.53 1.26
1024 0.35 0.65 0.42 0.36 0.88
2048 0.23 0.57 0.24 0.26 0.60
4096 0.13 0.31 0.20 0.14 0.39
8192 0.08 0.26 0.12 0.10 0.26

Spikes

512 5.24 5.38 1.98 5.44 9.26
1024 0.49 0.73 0.65 0.63 2.55
2048 0.29 0.59 0.35 0.41 1.69
4096 0.17 0.37 0.24 0.26 1.02
8192 0.08 0.25 0.11 0.14 0.56
Wave

512 0.68 0.81 1.27 0.82 3.65
1024 0.37 0.62 0.51 0.54 2.60
2048 0.19 0.53 0.19 0.33 1.51
4096 0.10 0.30 0.09 0.22 0.97
8192 0.05 0.24 0.05 0.13 0.51

Table 17: Mean-squared errors from 20 replications, signal to noise ratio of 7, sample
points following a uniform distribution, iid errors.
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Function

n BlockSure BlockB BlockShrink SureShrink VisuShrink

Blip

512 1.07 1.32 1.23 1.23 2.12
1024 0.63 0.93 0.46 0.74 1.40
2048 0.32 0.67 0.43 0.43 0.85
4096 0.21 0.40 0.18 0.28 0.57
8192 0.09 0.31 0.10 0.15 0.32

Blocks

512 6.00 6.10 6.52 6.17 10.74
1024 3.69 3.92 3.60 3.85 7.31
2048 1.73 1.89 2.13 1.85 4.75
4096 1.04 1.18 1.43 1.08 2.91
8192 0.71 0.87 0.75 0.75 2.07

Bumps

512 19.47 19.24 23.64 19.71 28.07
1024 9.28 9.11 9.37 9.53 16.18
2048 2.39 2.46 3.87 2.62 6.75
4096 1.15 1.22 1.30 1.25 4.02
8192 0.39 0.52 0.57 0.48 2.11

Corner

512 0.35 0.58 0.45 0.41 0.98
1024 0.22 0.55 0.27 0.28 0.69
2048 0.15 0.47 0.14 0.20 0.46
4096 0.09 0.29 0.10 0.12 0.28
8192 0.05 0.25 0.07 0.07 0.17

Doppler

512 3.57 3.59 4.82 3.78 7.45
1024 1.65 1.82 1.71 1.91 4.56
2048 0.68 0.92 0.72 0.85 2.82
4096 0.24 0.41 0.33 0.36 1.52
8192 0.12 0.32 0.16 0.22 0.96

Heavisine

512 0.52 0.78 0.78 0.55 1.18
1024 0.37 0.66 0.51 0.38 0.91
2048 0.21 0.53 0.26 0.25 0.68
4096 0.16 0.33 0.23 0.18 0.47
8192 0.10 0.28 0.14 0.11 0.28

Spikes

512 4.65 4.64 1.54 4.86 9.50
1024 0.74 0.97 0.77 0.90 3.23
2048 0.28 0.59 0.31 0.40 1.60
4096 0.17 0.33 0.22 0.26 1.02
8192 0.10 0.28 0.14 0.17 0.62
Wave

512 0.81 0.95 1.45 0.96 3.98
1024 0.37 0.62 0.57 0.56 2.76
2048 0.22 0.53 0.22 0.38 1.83
4096 0.10 0.29 0.12 0.23 1.00
8192 0.05 0.25 0.05 0.15 0.58

Table 18: Mean-squared errors from 20 replications, signal to noise ratio of 7, sample
points following a mixture of unform distributions, iid errors.
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Function

n BlockSure BlockB BlockShrink SureShrink VisuShrink

Blip

512 2.06 2.53 2.07 2.29 3.91
1024 1.26 1.81 0.96 1.40 2.71
2048 0.54 1.23 0.55 0.69 1.63
4096 0.29 0.62 0.37 0.37 0.95
8192 0.20 0.57 0.21 0.26 0.69

Blocks

512 6.51 6.82 6.86 6.62 13.53
1024 3.43 3.75 4.55 3.62 8.75
2048 2.02 2.44 2.49 2.21 6.12
4096 1.34 1.64 1.97 1.42 4.12
8192 0.81 1.13 1.14 0.91 2.80

Bumps

512 20.01 19.81 19.19 20.28 31.13
1024 6.15 6.06 8.79 6.57 15.44
2048 2.25 2.56 2.64 2.65 8.56
4096 1.05 1.27 1.53 1.22 5.01
8192 0.53 0.84 0.78 0.69 3.08

Corner

512 0.69 1.31 0.79 0.75 1.81
1024 0.44 1.10 0.48 0.49 1.25
2048 0.24 0.90 0.25 0.30 0.79
4096 0.14 0.57 0.13 0.19 0.47
8192 0.09 0.49 0.10 0.13 0.32

Doppler

512 2.18 2.35 3.17 2.69 7.11
1024 1.02 1.45 1.31 1.43 4.45
2048 0.55 1.08 0.66 0.84 2.91
4096 0.26 0.66 0.37 0.50 1.66
8192 0.16 0.52 0.17 0.34 1.13

Heavisine

512 0.98 1.55 1.11 0.91 1.57
1024 0.60 1.28 0.75 0.60 1.23
2048 0.37 0.98 0.46 0.41 0.95
4096 0.22 0.56 0.30 0.24 0.64
8192 0.15 0.55 0.20 0.18 0.40

Spikes

512 1.90 2.20 3.51 2.29 8.48
1024 0.80 1.30 1.09 0.99 4.04
2048 0.56 1.20 0.68 0.72 2.88
4096 0.33 0.69 0.45 0.45 1.66
8192 0.18 0.53 0.22 0.29 1.11
Wave

512 1.30 1.53 2.38 1.44 5.24
1024 0.72 1.24 1.24 0.97 3.96
2048 0.41 1.06 0.48 0.65 2.75
4096 0.18 0.60 0.18 0.43 1.81
8192 0.09 0.48 0.09 0.26 1.03

Table 19: Mean-squared errors from 20 replications, signal to noise ratio of 5, sample
points following a Beta(9/10, 11/10) distribution, iid errors.
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Function

n BlockSure BlockB BlockShrink SureShrink VisuShrink

Blip

512 2.00 2.36 2.52 2.18 4.45
1024 1.10 1.66 1.17 1.29 3.13
2048 0.65 1.29 0.69 0.83 2.25
4096 0.35 0.75 0.51 0.47 1.25
8192 0.23 0.61 0.28 0.34 0.80

Blocks

512 6.52 6.84 8.56 6.57 14.07
1024 3.97 4.29 4.77 4.12 9.59
2048 2.10 2.50 2.66 2.30 6.75
4096 1.58 1.83 2.12 1.65 4.74
8192 0.88 1.20 1.25 1.00 3.08

Bumps

512 20.75 20.47 21.67 20.92 31.56
1024 8.26 8.19 9.64 8.67 17.90
2048 3.61 3.82 4.22 4.00 10.88
4096 1.64 1.81 2.12 1.81 6.05
8192 0.67 0.94 0.99 0.83 3.36

Corner

512 0.94 1.47 1.05 0.96 2.23
1024 0.53 1.16 0.85 0.58 1.46
2048 0.26 0.87 0.52 0.34 0.91
4096 0.24 0.67 0.22 0.30 0.66
8192 0.14 0.56 0.12 0.20 0.42

Doppler

512 5.88 6.12 7.50 6.02 9.59
1024 3.17 3.59 3.26 3.36 5.87
2048 1.93 2.57 1.94 2.15 4.04
4096 1.08 1.35 1.36 1.19 2.68
8192 0.55 0.86 0.74 0.66 1.79

Heavisine

512 1.37 2.06 1.49 1.34 1.62
1024 0.83 1.53 1.06 0.86 1.32
2048 0.53 1.27 0.58 0.61 1.00
4096 0.27 0.65 0.44 0.35 0.71
8192 0.18 0.60 0.26 0.26 0.49

Spikes

512 2.21 2.52 2.63 2.45 7.34
1024 1.10 1.51 1.41 1.39 4.60
2048 0.59 1.11 0.73 0.80 2.49
4096 0.39 0.76 0.51 0.54 1.60
8192 0.21 0.60 0.28 0.37 0.97
Wave

512 4.19 4.71 4.68 4.41 7.77
1024 1.97 2.45 2.21 2.21 5.58
2048 1.08 1.63 1.44 1.28 3.89
4096 0.53 0.93 0.51 0.77 2.58
8192 0.20 0.58 0.17 0.41 1.72

Table 20: Mean-squared errors from 20 replications, signal to noise ratio of 5, sample
points following a Beta(2, 2) distribution, iid errors.
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Function

n BlockSure BlockB BlockShrink SureShrink VisuShrink

Blip

512 1.84 2.29 2.14 2.01 3.41
1024 0.97 1.49 0.88 1.17 2.54
2048 0.55 1.22 0.58 0.71 1.61
4096 0.39 0.74 0.40 0.50 1.09
8192 0.22 0.60 0.22 0.29 0.66

Blocks

512 7.84 8.13 8.78 7.91 15.08
1024 4.12 4.48 5.23 4.31 9.75
2048 2.07 2.46 2.88 2.24 6.49
4096 1.62 1.91 2.18 1.66 4.88
8192 0.97 1.28 1.37 1.04 3.29

Bumps

512 23.29 23.21 25.98 23.58 35.21
1024 11.51 11.33 14.42 11.79 22.73
2048 3.88 4.05 4.08 4.17 11.82
4096 1.52 1.68 2.19 1.70 6.82
8192 0.67 0.95 0.90 0.81 3.89

Corner

512 0.64 1.14 0.84 0.71 1.73
1024 0.41 1.02 0.50 0.49 1.26
2048 0.30 1.02 0.27 0.36 0.79
4096 0.15 0.55 0.14 0.22 0.54
8192 0.11 0.50 0.11 0.15 0.34

Doppler

512 2.66 2.88 3.72 3.17 8.87
1024 1.27 1.56 1.62 1.67 5.58
2048 0.59 1.12 0.73 0.90 3.31
4096 0.29 0.64 0.35 0.57 2.05
8192 0.16 0.53 0.18 0.37 1.25

Heavisine

512 1.01 1.44 1.43 0.94 1.65
1024 0.67 1.23 0.85 0.68 1.35
2048 0.42 1.05 0.54 0.44 1.00
4096 0.30 0.69 0.40 0.31 0.73
8192 0.20 0.59 0.22 0.20 0.51

Spikes

512 4.43 4.55 4.70 4.69 12.68
1024 1.42 1.86 2.01 1.65 6.38
2048 0.70 1.22 0.83 0.87 3.96
4096 0.37 0.74 0.50 0.50 2.21
8192 0.21 0.58 0.28 0.33 1.32
Wave

512 1.46 1.73 2.68 1.64 5.81
1024 0.93 1.31 1.47 1.15 4.54
2048 0.44 1.01 0.57 0.71 3.11
4096 0.21 0.61 0.22 0.45 2.05
8192 0.10 0.53 0.11 0.28 1.09

Table 21: Mean-squared errors from 20 replications, signal to noise ratio of 5, sample
points following a Beta(1/2, 1/2) distribution, iid errors.
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Function

n BlockSure BlockB BlockShrink SureShrink VisuShrink

Blip

512 1.65 2.17 1.72 1.88 3.34
1024 0.78 1.39 0.73 0.96 2.15
2048 0.43 1.14 0.48 0.56 1.28
4096 0.28 0.62 0.32 0.37 0.91
8192 0.17 0.54 0.20 0.24 0.57

Blocks

512 6.51 6.75 7.77 6.71 13.34
1024 3.50 3.89 4.60 3.72 8.81
2048 2.09 2.50 2.30 2.29 6.34
4096 1.31 1.57 1.86 1.40 4.33
8192 0.75 1.08 1.17 0.83 2.74

Bumps

512 18.47 18.42 22.79 18.66 29.65
1024 7.78 7.56 10.25 8.19 17.78
2048 2.70 2.92 3.39 3.07 9.57
4096 1.01 1.21 1.57 1.18 4.98
8192 0.51 0.81 0.71 0.66 2.99

Corner

512 0.62 1.17 0.89 0.70 1.69
1024 0.36 0.91 0.42 0.45 1.17
2048 0.22 0.91 0.27 0.30 0.75
4096 0.14 0.52 0.12 0.19 0.47
8192 0.09 0.49 0.09 0.13 0.30

Doppler

512 2.84 3.08 3.84 3.21 7.74
1024 1.22 1.67 1.49 1.56 4.61
2048 0.67 1.25 0.78 0.91 3.04
4096 0.33 0.69 0.42 0.54 1.83
8192 0.18 0.55 0.20 0.35 1.28

Heavisine

512 0.85 1.39 1.21 0.84 1.46
1024 0.57 1.09 0.77 0.56 1.23
2048 0.38 1.02 0.45 0.42 0.97
4096 0.25 0.66 0.34 0.28 0.64
8192 0.16 0.53 0.20 0.18 0.43

Spikes

512 1.90 2.22 3.13 2.15 8.02
1024 0.87 1.32 1.11 1.12 4.65
2048 0.56 1.15 0.62 0.70 2.95
4096 0.33 0.71 0.44 0.46 1.79
8192 0.19 0.59 0.21 0.31 1.10
Wave

512 1.18 1.47 1.93 1.44 4.93
1024 0.64 1.16 1.23 0.95 3.85
2048 0.33 0.98 0.45 0.62 2.70
4096 0.16 0.60 0.17 0.40 1.68
8192 0.09 0.51 0.08 0.24 0.96

Table 22: Mean-squared errors from 20 replications, signal to noise ratio of 5, sample
points following a uniform distribution, iid errors.
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Function

n BlockSure BlockB BlockShrink SureShrink VisuShrink

Blip

512 1.42 1.78 1.38 1.64 3.03
1024 0.77 1.41 0.71 0.97 1.94
2048 0.44 1.11 0.44 0.60 1.33
4096 0.24 0.60 0.26 0.36 0.81
8192 0.15 0.52 0.18 0.24 0.53

Blocks

512 7.00 7.18 7.83 7.24 14.75
1024 3.84 4.21 4.80 4.07 9.44
2048 2.24 2.65 2.63 2.43 6.64
4096 1.49 1.79 2.07 1.56 4.55
8192 0.81 1.14 1.26 0.89 2.87

Bumps

512 24.71 24.20 24.84 25.01 37.73
1024 8.72 8.63 10.62 9.03 19.00
2048 3.21 3.41 3.47 3.46 9.89
4096 1.46 1.63 1.63 1.62 6.27
8192 0.66 0.95 0.79 0.79 3.58

Corner

512 0.65 1.16 0.72 0.75 1.60
1024 0.39 1.03 0.44 0.50 1.01
2048 0.22 0.87 0.22 0.30 0.65
4096 0.13 0.54 0.13 0.20 0.42
8192 0.09 0.49 0.10 0.14 0.29

Doppler

512 4.31 4.56 5.07 4.54 9.39
1024 1.75 2.19 2.35 2.03 5.55
2048 0.93 1.46 1.19 1.18 4.04
4096 0.48 0.76 0.59 0.69 2.71
8192 0.22 0.55 0.21 0.38 1.60

Heavisine

512 0.93 1.37 1.16 0.92 1.62
1024 0.61 1.19 0.73 0.66 1.28
2048 0.34 1.00 0.45 0.41 0.95
4096 0.28 0.68 0.37 0.28 0.69
8192 0.17 0.57 0.21 0.18 0.44

Spikes

512 3.19 3.40 2.70 3.63 10.44
1024 0.89 1.36 1.23 1.15 4.95
2048 0.53 1.09 0.60 0.72 2.87
4096 0.30 0.66 0.40 0.46 1.61
8192 0.18 0.58 0.20 0.31 1.04
Wave

512 1.46 1.86 2.47 1.58 5.31
1024 0.79 1.22 1.37 1.09 4.09
2048 0.38 0.97 0.57 0.66 2.88
4096 0.18 0.57 0.20 0.42 1.91
8192 0.10 0.48 0.09 0.27 1.12

Table 23: Mean-squared errors from 20 replications, signal to noise ratio of 5, sample
points following a mixture of uniform distributions, iid errors.
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Function

n BlockShrink BlockSure VisuShrink SureShrink

Blip

512 1.55 1.50 2.76 1.69
1024 0.80 0.77 1.80 1.01
2048 0.35 0.35 1.13 0.58
4096 0.26 0.26 0.76 0.41

Blocks

512 7.48 6.31 12.49 6.40
1024 4.47 3.74 8.54 3.92
2048 2.53 2.02 6.02 2.21
4096 2.06 1.37 4.43 1.46

Bumps

512 23.49 20.01 32.44 20.17
1024 8.96 7.12 17.91 7.52
2048 3.59 2.69 10.84 3.12
4096 1.89 1.28 6.09 1.47

Corner

512 0.69 0.61 1.47 0.76
1024 0.46 0.40 0.97 0.47
2048 0.24 0.23 0.65 0.32
4096 0.13 0.13 0.39 0.21

Doppler

512 6.16 3.63 10.99 4.00
1024 2.71 1.62 6.87 1.78
2048 1.22 0.88 4.24 1.04
4096 0.70 0.47 2.70 0.66

Heavisine

512 1.15 0.82 1.52 0.96
1024 0.70 0.56 1.19 0.59
2048 0.42 0.35 0.89 0.42
4096 0.33 0.24 0.62 0.29

Spikes

512 3.07 2.57 9.42 3.09
1024 0.98 0.81 4.56 1.11
2048 0.65 0.55 3.00 0.77
4096 0.37 0.30 1.61 0.49
Wave

512 2.39 1.31 5.34 1.53
1024 1.24 0.73 4.01 1.02
2048 0.45 0.40 2.74 0.69
4096 0.24 0.19 1.68 0.46

Table 24: Mean-squared errors from 20 replications, signal to noise ratio of 5, sample
points following a uniform distribution, noise is independent, not identical
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Function

n BlockShrink BlockSure VisuShrink SureShrink

Blip

512 1.80 1.63 3.03 1.93
1024 1.00 0.99 1.98 1.21
2048 0.45 0.46 1.17 0.64
4096 0.24 0.24 0.69 0.36

Blocks

512 7.28 6.21 12.09 6.25
1024 4.33 3.68 8.53 3.85
2048 2.74 2.21 6.35 2.38
4096 1.87 1.31 4.10 1.41

Bumps

512 20.62 17.47 29.78 17.71
1024 9.71 7.87 19.16 8.48
2048 3.50 2.78 9.56 3.11
4096 1.70 1.17 5.50 1.35

Corner

512 0.79 0.62 1.58 0.74
1024 0.39 0.36 0.96 0.43
2048 0.20 0.20 0.61 0.28
4096 0.11 0.11 0.37 0.17

Doppler

512 5.17 2.78 10.18 3.02
1024 1.93 1.24 5.70 1.43
2048 1.02 0.70 3.85 0.88
4096 0.55 0.38 2.46 0.59

Heavisine

512 1.17 0.86 1.50 0.86
1024 0.64 0.57 1.11 0.63
2048 0.42 0.34 0.85 0.39
4096 0.32 0.23 0.60 0.26

Spikes

512 3.21 2.62 9.66 3.09
1024 1.00 0.82 4.44 1.12
2048 0.58 0.46 2.68 0.67
4096 0.34 0.27 1.49 0.44
Wave

512 2.83 1.48 5.66 1.66
1024 1.22 0.71 4.08 1.03
2048 0.46 0.35 2.70 0.62
4096 0.18 0.16 1.62 0.41

Table 25: Mean-squared errors from 20 replications, signal to noise ratio of 5, sample
points following a Beta(0.9, 1.1) distribution, noise is independent, not identical
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Function

n BlockShrink BlockSure VisuShrink SureShrink

Blip

512 1.78 1.57 2.83 1.88
1024 0.81 0.74 1.71 1.09
2048 0.37 0.39 1.10 0.66
4096 0.26 0.26 0.83 0.47

Blocks

512 8.46 7.12 13.66 7.11
1024 5.03 3.99 9.97 4.23
2048 3.06 2.48 7.00 2.64
4096 2.55 1.63 5.26 1.72

Bumps

512 25.67 22.37 35.41 22.29
1024 13.74 10.89 23.17 11.10
2048 4.88 3.76 12.73 4.09
4096 2.42 1.61 7.39 1.74

Corner

512 0.74 0.75 1.50 0.94
1024 0.45 0.46 0.90 0.58
2048 0.28 0.25 0.65 0.38
4096 0.13 0.17 0.41 0.27

Doppler

512 10.03 6.40 15.08 5.82
1024 4.49 2.69 9.36 2.66
2048 1.79 1.21 5.47 1.37
4096 0.97 0.59 3.43 0.77

Heavisine

512 1.34 0.97 1.59 0.99
1024 0.83 0.64 1.29 0.75
2048 0.45 0.40 0.95 0.49
4096 0.42 0.31 0.77 0.36

Spikes

512 3.05 2.33 11.09 3.00
1024 1.25 1.12 5.76 1.52
2048 0.61 0.54 3.31 0.88
4096 0.42 0.38 1.94 0.62
Wave

512 2.80 1.74 6.14 1.88
1024 1.58 0.95 4.35 1.24
2048 0.76 0.53 3.18 0.87
4096 0.28 0.26 2.14 0.57

Table 26: Mean-squared errors from 20 replications, signal to noise ratio of 5, sample
points following a mixture of uniform distributions, noise is independent, not identical
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Function

n BlockShrink BlockSure VisuShrink SureShrink

Blip

512 2.08 1.94 3.47 2.17
1024 0.95 0.83 2.50 1.11
2048 0.72 0.70 1.62 0.92
4096 0.33 0.32 1.10 0.55

Blocks

512 8.43 6.60 14.26 6.63
1024 5.13 4.04 9.56 4.15
2048 3.20 2.42 7.01 2.59
4096 2.37 1.55 4.66 1.63

Bumps

512 21.61 18.28 29.59 18.38
1024 10.63 8.59 18.39 8.93
2048 4.30 3.12 10.91 3.45
4096 2.63 1.72 6.92 1.85

Corner

512 0.95 0.81 1.80 0.90
1024 0.60 0.54 1.21 0.69
2048 0.46 0.49 0.81 0.59
4096 0.17 0.17 0.48 0.30

Doppler

512 10.38 7.17 13.58 7.10
1024 5.01 3.49 8.86 3.49
2048 2.71 2.02 5.66 2.13
4096 1.71 1.26 3.64 1.28

Heavisine

512 1.88 1.80 1.80 1.76
1024 1.10 1.00 1.27 1.06
2048 0.52 0.45 0.94 0.61
4096 0.42 0.33 0.70 0.44

Spikes

512 2.68 2.25 7.51 2.64
1024 1.08 0.95 4.01 1.25
2048 0.63 0.57 2.37 0.85
4096 0.42 0.35 1.40 0.61
Wave

512 4.89 3.99 7.63 4.31
1024 2.96 2.57 5.97 2.78
2048 1.37 1.13 3.97 1.39
4096 0.65 0.44 2.63 0.72

Table 27: Mean-squared errors from 20 replications, signal to noise ratio of 5, sample
points following a Beta(2, 2) distribution, noise is independent, not identical
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Function

n BlockShrink BlockSure VisuShrink SureShrink

Blip

512 2.20 2.01 3.30 2.32
1024 1.03 0.99 2.06 1.19
2048 0.50 0.49 1.31 0.68
4096 0.36 0.33 0.90 0.46

Blocks

512 8.66 7.47 14.32 7.57
1024 5.11 4.20 9.64 4.39
2048 3.10 2.46 7.11 2.65
4096 2.32 1.61 4.90 1.65

Bumps

512 27.88 24.01 39.02 24.08
1024 12.95 10.96 23.17 11.25
2048 5.33 4.04 13.92 4.44
4096 2.35 1.60 7.63 1.82

Corner

512 0.83 0.68 1.74 0.77
1024 0.49 0.42 1.08 0.52
2048 0.27 0.28 0.75 0.36
4096 0.14 0.14 0.47 0.22

Doppler

512 5.53 2.84 11.44 3.32
1024 2.40 1.42 7.01 1.63
2048 1.10 0.72 4.31 0.96
4096 0.48 0.36 2.50 0.60

Heavisine

512 1.44 1.02 1.67 0.98
1024 0.85 0.63 1.30 0.65
2048 0.51 0.39 1.01 0.43
4096 0.39 0.27 0.72 0.30

Spikes

512 5.34 4.35 13.87 4.75
1024 1.67 1.42 6.77 1.69
2048 0.82 0.68 3.77 0.86
4096 0.44 0.34 2.06 0.50
Wave

512 3.06 1.61 6.50 1.69
1024 1.55 0.86 4.36 1.17
2048 0.69 0.46 3.18 0.73
4096 0.23 0.20 1.99 0.47

Table 28: Mean-squared errors from 20 replications, signal to noise ratio of 5, sample
points following a Beta(1/2, 1/2) distribution, noise is independent, not identical
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Function

n BlockShrink BlockSure VisuShrink SureShrink

Blip

512 1.69 1.60 2.43 1.72
1024 0.64 0.64 1.30 0.79
2048 0.33 0.33 0.79 0.45
4096 0.22 0.21 0.50 0.30

Blocks

512 5.17 4.61 8.90 4.75
1024 3.72 3.37 6.61 3.47
2048 1.82 1.57 4.27 1.71
4096 1.33 1.04 2.84 1.11

Bumps

512 18.31 16.49 25.22 16.65
1024 8.92 7.97 15.71 8.33
2048 2.95 2.49 7.78 2.75
4096 1.22 0.88 4.09 1.02

Corner

512 0.46 0.38 0.94 0.43
1024 0.24 0.20 0.58 0.27
2048 0.14 0.14 0.39 0.12
4096 0.10 0.09 0.27 0.12

Doppler

512 5.13 2.89 9.79 2.96
1024 1.89 1.19 5.34 1.29
2048 0.73 0.51 2.75 0.61
4096 0.36 0.25 1.76 0.36

Heavisine

512 0.79 0.56 1.23 0.60
1024 0.43 0.36 0.84 0.39
2048 0.25 0.21 0.63 0.26
4096 0.21 0.14 0.40 0.16

Spikes

512 1.64 1.36 5.55 1.61
1024 0.62 0.49 2.69 0.64
2048 0.34 0.26 1.64 0.42
4096 0.19 0.15 0.91 0.27
Wave

512 1.61 0.77 4.24 0.93
1024 0.58 0.35 2.84 0.55
2048 0.22 0.20 1.75 0.37
4096 0.10 0.10 0.95 0.23

Table 29: Mean-squared errors from 20 replications, signal to noise ratio of 7, sample
points following a uniform distribution, noise is independent, not identical
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Function

n BlockShrink BlockSure VisuShrink SureShrink

Blip

512 1.31 1.14 2.05 1.35
1024 0.49 0.74 1.71 0.66
2048 0.33 0.39 1.10 0.47
4096 0.17 0.26 0.83 0.30

Blocks

512 6.69 5.87 10.81 5.92
1024 3.93 3.53 4.92 3.65
2048 2.09 1.77 3.40 1.89
4096 1.61 1.24 5.26 1.30

Bumps

512 26.54 24.38 33.57 24.43
1024 11.08 9.70 17.50 9.83
2048 3.38 2.79 9.07 3.05
4096 1.50 1.07 4.89 1.19

Corner

512 0.51 0.45 0.97 0.54
1024 0.24 0.23 0.56 0.31
2048 0.17 0.17 0.42 0.25
4096 0.10 0.10 0.27 0.14

Doppler

512 7.92 4.76 13.27 4.66
1024 2.89 1.64 7.12 1.76
2048 1.21 0.81 4.02 0.89
4096 0.56 0.37 2.39 0.48

Heavisine

512 0.94 0.67 1.37 0.72
1024 0.48 0.37 0.98 0.43
2048 0.32 0.26 0.73 0.33
4096 0.30 0.19 0.54 0.23

Spikes

512 3.66 3.30 8.94 3.71
1024 0.88 0.76 3.67 0.99
2048 0.46 0.39 2.16 0.56
4096 0.23 0.20 1.17 0.36
Wave

512 1.93 0.88 4.76 1.03
1024 0.85 0.49 3.10 0.68
2048 0.36 0.27 2.16 0.45
4096 0.12 0.12 1.16 0.30

Table 30: Mean-squared errors from 20 replications, signal to noise ratio of 7, sample
points following a mixture of uniform distributions, noise is independent, not identical
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Function

n BlockShrink BlockSure VisuShrink SureShrink

Blip

512 1.61 1.46 2.77 1.65
1024 0.66 0.68 1.44 0.81
2048 0.44 0.43 1.13 0.56
4096 0.24 0.24 0.68 0.36

Blocks

512 6.98 6.21 10.81 6.17
1024 3.80 3.39 6.87 3.44
2048 1.99 1.65 4.63 1.76
4096 1.34 0.98 2.93 1.04

Bumps

512 20.68 18.68 26.04 18.75
1024 9.46 8.47 15.11 8.64
2048 3.85 3.30 8.53 3.50
4096 1.54 1.07 4.39 1.17

Corner

512 0.53 0.43 1.18 0.48
1024 0.39 0.30 0.77 0.36
2048 0.21 0.18 0.46 0.25
4096 0.14 0.14 0.34 0.19

Doppler

512 7.96 6.07 10.82 5.95
1024 4.07 3.10 6.67 3.23
2048 2.15 1.73 4.16 1.79
4096 1.23 0.99 2.61 0.98

Heavisine

512 1.22 1.12 1.41 1.12
1024 0.63 0.51 0.99 0.60
2048 0.32 0.30 0.68 0.40
4096 0.27 0.20 0.48 0.26

Spikes

512 1.28 1.09 4.38 1.31
1024 0.64 0.51 2.30 0.69
2048 0.36 0.30 1.35 0.44
4096 0.24 0.21 0.87 0.36
Wave

512 3.97 3.41 6.54 3.57
1024 2.43 2.34 4.67 2.47
2048 0.89 0.80 2.66 0.90
4096 0.37 0.28 1.74 0.44

Table 31: Mean-squared errors from 20 replications, signal to noise ratio of 7, sample
points following a Beta(2, 2) distribution, noise is independent, not identical
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Function

n BlockShrink BlockSure VisuShrink SureShrink

Blip

512 1.89 1.88 2.57 2.02
1024 0.69 0.66 1.44 0.82
2048 0.46 0.46 1.02 0.61
4096 0.22 0.21 0.56 0.30

Blocks

512 6.92 6.46 10.578 6.54
1024 3.65 3.30 6.78 3.45
2048 2.50 2.24 5.25 2.37
4096 1.44 1.11 3.21 1.16

Bumps

512 25.29 23.55 31.62 23.62
1024 10.09 9.03 17.02 9.24
2048 4.39 3.85 9.88 4.11
4096 1.55 1.16 4.87 1.27

Corner

512 0.55 0.41 1.13 0.50
1024 0.35 0.30 0.82 0.36
2048 0.16 0.15 0.45 0.19
4096 0.11 0.09 0.30 0.13

Doppler

512 4.56 2.33 10.27 2.47
1024 1.62 0.93 5.34 1.05
2048 0.59 0.40 2.84 0.54
4096 0.26 0.20 1.61 0.35

Heavisine

512 0.86 0.61 1.28 0.61
1024 0.58 0.41 1.05 0.40
2048 0.30 0.24 0.68 0.25
4096 0.27 0.19 0.52 0.19

Spikes

512 4.88 4.39 10.35 4.64
1024 0.99 0.80 4.13 0.98
2048 0.43 0.33 2.16 0.46
4096 0.28 0.21 1.32 0.29
Wave

512 2.21 1.04 5.08 1.16
1024 0.71 0.40 3.11 0.57
2048 0.27 0.23 2.05 0.40
4096 0.11 0.11 1.13 0.25

Table 32: Mean-squared errors from 20 replications, signal to noise ratio of 7, sample
points following a Beta(1/2, 1/2) distribution, noise is independent, not identical
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Function

n BlockShrink BlockSure VisuShrink SureShrink

Blip

512 2.15 1.82 4.05 2.13
1024 1.19 1.08 3.00 1.26
2048 0.63 0.63 2.02 0.81
4096 0.49 0.40 1.45 0.54

Blocks

512 7.49 6.18 13.93 6.27
1024 5.01 3.98 10.68 4.22
2048 3.16 2.41 7.85 2.62
4096 2.67 1.66 5.78 1.74

Bumps

512 20.68 15.78 30.05 19.09
1024 11.56 9.76 22.03 10.16
2048 4.41 3.40 12.87 3.80
4096 2.39 1.59 7.98 1.82

Corner

512 1.22 0.95 2.38 1.03
1024 0.76 0.64 1.70 0.74
2048 0.45 0.39 1.19 0.47
4096 0.20 0.19 0.76 0.29

Doppler

512 4.14 3.23 8.42 3.66
1024 2.21 1.66 6.22 2.06
2048 1.26 0.97 4.46 1.30
4096 0.77 0.51 3.04 0.83

Heavisine

512 1.57 1.28 1.83 1.17
1024 1.10 0.85 1.55 0.84
2048 0.66 0.54 1.22 0.56
4096 0.48 0.35 0.89 0.39

Spikes

512 3.45 2.53 11.17 2.80
1024 1.97 1.56 7.49 1.78
2048 0.96 0.77 4.17 1.01
4096 0.69 0.53 2.83 0.68
Wave

512 3.60 2.23 7.25 2.35
1024 2.06 1.24 5.09 1.48
2048 1.06 0.65 4.14 0.97
4096 0.35 0.29 2.76 0.36

Table 33: Mean-squared errors from 20 replications, signal to noise ratio of 5, sample
points following a uniform distribution, noise is correlated
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Function

n BlockShrink BlockSure VisuShrink SureShrink

Blip

512 3.28 2.81 5.31 3.04
1024 1.27 1.11 3.19 1.37
2048 0.65 0.64 2.01 0.81
4096 0.54 0.42 1.45 0.53

Blocks

512 7.66 6.39 14.40 6.60
1024 5.03 4.04 10.44 4.26
2048 3.25 2.49 7.91 2.71
4096 2.59 1.66 5.60 1.76

Bumps

512 21.65 19.59 31.26 20.04
1024 9.15 7.65 18.92 8.17
2048 4.52 3.55 12.90 3.98
4096 2.52 1.70 8.22 1.90

Corner

512 1.26 0.91 2.58 0.96
1024 0.77 0.61 1.74 0.70
2048 0.43 0.39 1.18 0.46
4096 0.18 0.19 0.76 0.27

Doppler

512 3.53 2.66 7.95 3.07
1024 1.89 1.38 5.70 1.83
2048 1.08 0.82 4.05 1.20
4096 0.65 0.47 2.64 0.79

Heavisine

512 1.54 1.27 1.78 1.19
1024 1.08 0.74 1.52 0.76
2048 0.69 0.52 1.22 0.54
4096 0.47 0.35 0.91 0.39

Spikes

512 3.21 2.32 10.01 2.53
1024 2.10 1.60 7.67 1.86
2048 1.08 0.90 4.49 1.11
4096 0.75 0.55 2.87 0.69
Wave

512 3.24 2.03 6.51 2.12
1024 2.12 1.24 5.14 1.49
2048 1.03 0.67 3.98 0.98
4096 0.39 0.31 2.86 0.66

Table 34: Mean-squared errors from 20 replications, signal to noise ratio of 5, sample
points following a Beta(9/10, 11/10) distribution, noise is correlated
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Function

n BlockShrink BlockSure VisuShrink SureShrink

Blip

512 1.82 1.49 3.51 1.78
1024 1.02 0.90 2.52 1.15
2048 0.67 0.65 1.95 0.89
4096 0.41 0.35 1.23 0.53

Blocks

512 8.68 7.32 15.23 7.46
1024 5.39 4.30 11.12 4.49
2048 3.35 2.58 8.16 2.78
4096 3.03 1.96 6.42 1.99

Bumps

512 24.36 22.12 33.28 22.21
1024 13.07 11.06 23.32 11.27
2048 5.09 3.96 13.66 4.29
4096 2.64 1.82 8.57 1.94

Corner

512 1.18 0.98 2.28 1.12
1024 0.68 0.64 1.49 0.74
2048 0.41 0.33 0.96 0.45
4096 0.17 0.18 0.62 0.28

Doppler

512 6.58 5.68 11.20 6.05
1024 3.19 2.50 7.51 2.84
2048 1.44 1.08 5.05 1.40
4096 1.00 0.64 3.51 0.87

Heavisine

512 1.76 1.40 1.89 1.36
1024 1.13 0.83 1.54 0.86
2048 0.66 0.55 1.21 0.58
4096 0.49 0.36 0.91 0.40

Spikes

512 4.19 3.25 12.72 3.58
1024 1.77 1.47 7.34 1.83
2048 0.93 0.81 4.40 1.06
4096 0.63 0.50 2.81 0.70
Wave

512 3.36 2.13 6.92 2.15
1024 2.27 1.39 5.32 1.53
2048 1.26 0.81 4.40 1.13
4096 0.44 0.32 2.91 0.69

Table 35: Mean-squared errors from 20 replications, signal to noise ratio of 5, sample
points following a mixture of uniform distributions, noise is correlated
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Function

n BlockShrink BlockSure VisuShrink SureShrink

Blip

512 2.40 1.89 5.06 2.19
1024 1.57 1.29 3.81 1.51
2048 0.82 0.74 2.80 0.94
4096 0.68 0.56 2.02 0.72

Blocks

512 8.61 7.06 15.45 7.11
1024 5.77 4.52 11.81 4.61
2048 3.49 2.67 8.53 2.81
4096 2.93 1.86 6.10 1.89

Bumps

512 20.99 19.35 29.20 19.73
1024 9.69 8.23 18.71 8.59
2048 4.93 3.92 13.18 4.26
4096 2.98 2.03 8.41 2.12

Corner

512 1.47 1.20 2.73 1.23
1024 1.04 0.82 2.23 0.83
2048 0.66 0.56 1.46 0.60
4096 0.30 0.28 0.97 0.42

Doppler

512 7.06 6.30 10.17 6.56
1024 3.69 3.26 7.05 3.51
2048 2.11 1.88 4.86 2.17
4096 1.68 1.29 3.61 1.47

Heavisine

512 1.75 1.57 1.89 1.48
1024 1.23 1.09 1.45 1.08
2048 0.72 0.55 1.18 0.61
4096 0.60 0.44 0.96 0.49

Spikes

512 3.02 2.15 9.29 2.43
1024 1.85 1.46 6.09 1.75
2048 1.04 0.85 3.65 1.09
4096 0.88 0.63 2.48 0.80
Wave

512 5.55 4.52 9.05 4.64
1024 3.27 2.53 6.84 2.78
2048 1.97 1.51 5.23 1.76
4096 0.88 0.63 3.42 0.96

Table 36: Mean-squared errors from 20 replications, signal to noise ratio of 5, sample
points following a Beta(2, 2) distribution, noise is correlated
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Function

n BlockShrink BlockSure VisuShrink SureShrink

Blip

512 2.96 2.46 5.06 2.71
1024 1.48 1.30 3.24 1.59
2048 0.85 0.80 2.29 1.04
4096 0.50 0.41 1.32 0.55

Blocks

512 9.19 7.72 16.15 7.87
1024 5.91 4.78 11.91 4.98
2048 3.77 2.86 8.91 3.03
4096 3.06 2.01 6.37 2.04

Bumps

512 28.36 26.36 36.88 26.40
1024 13.28 11.37 23.66 11.67
2048 5.47 4.34 15.11 4.67
4096 2.85 1.97 9.32 2.19

Corner

512 1.29 1.01 2.47 1.06
1024 0.79 0.65 1.75 0.73
2048 0.47 0.44 1.22 0.52
4096 0.23 0.23 0.86 0.35

Doppler

512 4.98 3.73 10.21 4.11
1024 2.02 1.43 6.38 1.84
2048 1.31 0.94 4.80 1.30
4096 0.76 0.49 3.26 0.88

Heavisine

512 1.56 1.13 1.80 1.09
1024 1.25 0.97 1.62 0.93
2048 0.81 0.61 1.34 0.62
4096 0.58 0.41 1.07 0.46

Spikes

512 8.39 6.70 17.32 7.00
1024 2.22 1.75 8.99 1.97
2048 1.27 1.05 6.15 1.23
4096 0.88 0.69 3.67 0.81
Wave

512 3.54 2.29 7.24 2.27
1024 2.32 1.41 5.39 1.52
2048 1.39 0.84 4.38 1.15
4096 0.54 0.39 3.23 0.79

Table 37: Mean-squared errors from 20 replications, signal to noise ratio of 5, sample
points following a Beta(1/2, 1/2) distribution, noise is correlated
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Function

n BlockShrink BlockSure VisuShrink SureShrink

Blip

512 1.41 1.26 2.80 1.47
1024 0.88 0.88 2.02 1.01
2048 0.44 0.43 1.30 0.54
4096 0.24 0.22 0.76 0.30

Blocks

512 5.42 4.83 9.92 4.92
1024 3.98 3.56 7.82 3.68
2048 2.30 1.92 5.64 2.06
4096 1.64 1.19 3.81 1.25

Bumps

512 17.12 16.37 22588 16.54
1024 8.29 7.65 14.97 7.97
2048 2.57 2.20 7.53 2.45
4096 1.64 1.01 4.68 1.16

Corner

512 0.70 0.53 1.50 0.57
1024 0.40 0.32 1.02 0.38
2048 0.22 0.22 0.70 0.26
4096 0.12 0.12 0.45 0.16

Doppler

512 3.01 2.63 6.16 2.92
1024 1.38 1.13 4.15 1.42
2048 0.64 0.52 2.81 0.75
4096 0.35 0.27 1.82 0.45

Heavisine

512 0.94 0.61 1.38 0.66
1024 0.75 0.52 1.24 0.54
2048 0.41 0.31 0.89 0.34
4096 0.29 0.21 0.60 0.23

Spikes

512 2.08 1.74 6.55 1.87
1024 1.11 0.89 4.36 1.03
2048 0.56 0.44 2.58 0.57
4096 0.37 0.28 1.59 0.36
Wave

512 1.97 1.04 4.60 1.14
1024 0.91 0.58 3.59 0.78
2048 0.39 0.30 2.64 0.52
4096 0.17 0.15 1.62 0.34

Table 38: Mean-squared errors from 20 replications, signal to noise ratio of 7, sample
points following a uniform distribution, noise is correlated

52



Function

n BlockShrink BlockSure VisuShrink SureShrink

Blip

512 1.32 1.11 2.72 1.35
1024 0.71 0.67 1.80 0.81
2048 0.40 0.40 1.17 0.54
4096 0.24 0.22 0.75 0.32

Blocks

512 6.99 6.47 11.56 6.54
1024 4.07 3.64 8.14 3.76
2048 2.32 1.98 5.82 2.12
4096 1.78 1.30 4.04 1.34

Bumps

512 18.05 17.29 23.98 17.39
1024 9.96 9.38 15.37 9.49
2048 3.95 3.44 9.50 3.67
4096 1.69 1.30 5.53 1.40

Corner

512 0.65 0.52 1.36 0.87
1024 0.41 0.34 0.96 0.40
2048 0.24 0.23 0.66 0.29
4096 0.13 0.12 0.41 0.18

Doppler

512 4.14 3.66 7.52 3.88
1024 2.03 1.80 4.98 2.06
2048 0.83 0.68 3.31 0.91
4096 0.47 0.36 2.20 0.51

Heavisine

512 1.09 0.74 1.55 0.77
1024 0.67 0.52 1.18 0.52
2048 0.44 0.33 0.91 0.36
4096 0.33 0.22 0.65 0.25

Spikes

512 3.37 3.02 8.60 3.19
1024 1.04 0.86 4.27 1.01
2048 0.56 0.45 2.58 0.58
4096 0.39 0.31 1.72 0.40
Wave

512 2.41 1.43 5.26 1.53
1024 0.97 0.58 3.58 0.77
2048 0.47 0.35 2.70 0.56
4096 0.18 0.16 1.71 0.36

Table 39: Mean-squared errors from 20 replications, signal to noise ratio of 7, sample
points following a mixture of uniform distributions, noise is correlated
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Function

n BlockShrink BlockSure VisuShrink SureShrink

Blip

512 1.59 1.41 3.38 1.53
1024 0.90 0.84 2.60 0.97
2048 0.58 0.58 1.85 0.73
4096 0.39 0.36 1.15 0.43

Blocks

512 6.66 6.13 11.11 6.19
1024 3.91 3.45 8.07 3.55
2048 2.37 1.98 5.98 2.09
4096 1.77 1.29 4.07 1.34

Bumps

512 19.21 18.48 24.06 18.61
1024 8.24 7.72 14.26 7.97
2048 3.69 3.24 8.93 2.09
4096 1.61 1.23 4.93 1.34

Corner

512 0.91 0.67 1.78 0.71
1024 0.55 0.43 1.27 0.48
2048 0.31 0.25 0.87 0.30
4096 0.16 0.15 0.54 0.20

Doppler

512 5.34 5.13 7.75 5.31
1024 3.10 2.93 5.25 3.15
2048 1.67 1.61 3.63 1.81
4096 1.04 0.93 2.46 1.06

Heavisine

512 1.38 1.26 1.58 1.22
1024 0.91 0.80 1.24 0.78
2048 0.43 0.38 0.91 0.43
4096 0.39 0.27 0.71 0.32

Spikes

512 1.84 1.39 5.60 1.54
1024 1.03 0.81 3.58 0.90
2048 0.67 0.52 2.48 0.67
4096 0.52 0.39 1.60 0.46
Wave

512 3.70 3.23 6.34 3.36
1024 2.30 2.04 5.19 2.16
2048 0.99 0.83 3.26 0.95
4096 0.61 0.55 2.41 0.74

Table 40: Mean-squared errors from 20 replications, signal to noise ratio of 7, sample
points following a Beta(2, 2) distribution, noise is correlated
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Function

n BlockShrink BlockSure VisuShrink SureShrink

Blip

512 2.06 1.89 3.34 2.05
1024 0.71 0.68 1.83 0.75
2048 0.62 0.64 1.49 0.75
4096 0.32 0.29 0.95 0.39

Blocks

512 7.95 7.46 12.41 7.52
1024 4.44 3.99 8.54 4.15
2048 2.45 2.02 6.02 2.17
4096 1.88 1.32 4.32 1.38

Bumps

512 22.06 21.32 28.38 21.53
1024 10.75 10.05 17.87 10.31
2048 3.49 2.99 9.17 3.23
4096 1.69 1.32 5.83 1.47

Corner

512 0.92 0.72 1.88 0.73
1024 0.45 0.37 1.18 0.42
2048 0.24 0.23 0.76 0.28
4096 0.14 0.14 0.50 0.19

Doppler

512 2.90 2.28 6.50 2.53
1024 1.43 1.04 4.56 1.30
2048 0.65 0.47 2.99 0.70
4096 0.32 0.26 1.81 0.46

Heavisine

512 1.18 0.86 1.61 0.88
1024 0.76 0.54 1.24 0.52
2048 0.46 0.35 0.92 0.36
4096 0.34 0.24 0.67 0.24

Spikes

512 7.50 6.69 13.64 6.90
1024 1.49 1.23 5.35 1.36
2048 0.71 0.56 3.43 0.68
4096 0.50 0.37 2.11 0.45
Wave

512 2.25 1.16 5.05 1.24
1024 1.18 0.72 4.04 0.87
2048 0.51 0.38 2.99 0.58
4096 0.20 0.17 1.83 0.37

Table 41: Mean-squared errors from 20 replications, signal to noise ratio of 7, sample
points following a Beta(1/2, 1/2) distribution, noise is correlated
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4 Theorems on convergence rates

Let f ∗ be the values of f at the equispaced points x̃i and let f̂ be the estimates of
f at these same points. The goal is accurate estimation from both global and local
perspectives, simultaneously. For global accuracy, a small expected mean squared error
is desired,

E

(
1

n∗

∥∥∥f ∗ − f̂
∥∥∥

2

2

)
= E

{
1

n∗

n∗∑

i=1

(
f(x̃i) − f̂(x̃i)

)2
}
,

while a small expected squared error at points x̃i will imply local accuracy,

E

(
f(x̃i) − f̂(x̃i)

)2

.

Before stating the main theorem of this paper, a definition is in order. First, define
a matrix M b

L as follows: for each block b of indices to be used with the thresholding rule
ηB, let M b

L be the (L × n∗) matrix composed of zeros and the (L × L) identity matrix
IL. The columns of IL are in the positions of the columns of M b

L corresponding to the
adjoining indices used in the block b. Then M b

Lθ̃ is the vector of θ̃jk in block b. Let
M b = (M b

L)′M b
L. To perform the block-dependent thresholding, we use as the threshold

at (5) or (6) the value λ
∑

k σ
2
k/n

∗, where L = log n∗ is the number of coefficients in a
block,

∑
k σ

2
k/n

∗ the sum of the coefficient variances in the block being considered, and
λ is a known constant.

Theorem 1 Suppose the sample points xi in (1) are fixed, but not necessarily equispaced
or dyadic in number. Let Σ be the covariance matrix for y and R be the transformation
matrix determined by linear interpolation. For all n, let V = WRΣR′W ′ have bounded,
finite diagonal entries and full rank, and Σ and RR′ have bounded, finite bandwidth.
Assume that c1×n∗V = 0 implies c1×n∗ θ̃′ = 0, and VM bVM bV = VM bV for all blocks
b. Let ψ have r vanishing moments, 2 ≤ p ≤ ∞, 1 ≤ q ≤ ∞, and 0 < M < ∞. Let f̂
be constructed as at (8) with block thresholding rule η(·, λ∑k σ

2
k/n

∗), where η is ηB or
ηJS, and block length L = log n∗. Then, for α ∈ (0.81, r),

sup
f∈Bα

pq(M)

E

(
1

n

∥∥∥f̂ − f ∗
∥∥∥

2

2

)
≤ Cn− 2α

2α+1 ,

sup
f∈Λα(M,x̃i,δ)

E

(
f(x̃i) − f̂(x̃i)

)2

≤ C(log n)n− 2α
2α+1 ,

and the computation speed is linear in n.

Notice that the logarithm penalty typical of the term-by-term estimator (2) has been
eliminated in the global convergence rate. This rate is better than the term-by-term rate
even when term-by-term estimator is applied under ideal assumptions. Additionally, the
estimator also achieves the optimal local rate as specified at (3). The restriction that
α > (1 +

√
5)/4 ≈ 0.81 derives from the requirement that α ≥ (2p)−1(1 +

√
2p+ 1) for

all p ≥ 2. This restriction may be loosened to α > 0 when considering local adaptivity
since in this case p = ∞.
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In this theorem (and the next) n∗ may be substituted for n. Since Σ and RR′

have finite bandwidths as in Kovac and Silverman [13], then RΣR′ does as well due
to the nature of the interpolation scheme. This is the condition that will ensure that
the computation speed of the estimator is linear in n and n∗. In particular, if the
original data has i.i.d. noise, or if the noise is independent but heteroscedastic, then the
bandwidth of Σ is 0 and the requirements for fast computation time reduce to only RR′

having finite bandwidth.
For comparison, the rate of convergence for the term-by-term estimator is given.

Theorem 2 Suppose the sample points xi in (1) are fixed, but not necessarily equispaced
or dyadic in number. Let Σ be the covariance matrix for y and R be the transformation
matrix determined by linear interpolation. For all n, let WRΣR′W ′ have bounded, finite
diagonal entries, and Σ and RR′ have bounded, finite bandwidth. Let ψ have r vanishing
moments, 2 ≤ p ≤ ∞, 1 ≤ q ≤ ∞, and 0 < M < ∞. Let f̂ be constructed as at (8)
with coefficient-dependent soft thresholding. Then, for α ∈ (0.81, r)

sup
f∈Bα

pq(M)

E

(
1

n

∥∥∥f̂ − f ∗
∥∥∥

2

2

)
≤ C(log n)n− 2α

2α+1 ,

and the computation speed is linear in n.

This theorem shows that the familiar rate of the i.i.d. noise, dyadic sample size,
and equispaced xi case is attained. This rate is essentially the rate of Johnstone and
Silverman [12] when f is Hölder and the noise is bounded. It can now be seen that the
block-dependent estimator surpasses the term-by-term estimator in terms of convergence
rates. The logarithm penalty found in the term-by-term estimator has been eliminated.

In each of these theorems, the constant C depends only on the choice of wavelet
functions and the function space (i.e., α and M). It is independent of n∗ and n.

These theorems are using linear interpolation to determine the transformation ma-
trix R. Other linear transformations are possible that would produce dyadic, equispaced
data (for example, linear regression on the points in each subinterval), but the theorems
as stated would not hold in those cases.

If the bandwidth is not finite (in terms of n) then certainly the fast computation
time for V = WRΣR′W ′ is lost. Additionally, the convergence rates given above are no
longer valid. Computation time is also affected by the manner in which λ is chosen. The
computation time is linear in sample size if the constant λ is known (as is the case in
VisuShrink and BlockShrink). If the method of finding λ by minimizing Stein’s unbiased
risk estimate is too cumbersome, then the fast computation speed in the theorems in
jeopardized. Regardless of this, by considering only derivative matrices with diagonal
entries, BlockSure and SureShrink will have the same computational complexity.

5 Proofs

5.1 Theorem 1

Initially, set q = ∞ to start. Let x̃i be the n∗ equispaced positions of the data values
after the transformation of the observed vector y by R. Let f ∗ be the vector of the

57



true values of the function f evaluated at the points x̃i. Write as f̂ the vector of the
estimates of the function f at x̃i. Let f̃ be the vector of true values of the function f at
the n original, untransformed points xi. Let

θ∗ =
1√
n∗
Wf ∗ and θR =

1√
n∗
WRf̃

be the empirical wavelet coefficients of f ∗ and Rf̃ . Then

E

(
1

n∗

∥∥∥f ∗ − f̂
∥∥∥

2

2

)
≤ 2E

(
1

n∗

∥∥∥f ∗ −Rf̃
∥∥∥

2

2

)
+ 2E

(
1

n∗

∥∥∥f̂ −Rf̃
∥∥∥

2

2

)
(10)

By the orthogonality of the DWT, the second term on the right of (10) is

E

(
1

n∗

∥∥∥f̂ −Rf̃
∥∥∥

2

2

)
= E

∥∥∥∥
1√
n∗
Wf̂ − 1√

n∗
WRf̃

∥∥∥∥
2

2

= E

∥∥∥∥
1√
n∗
W

√
n∗W ′θ̂ − θR

∥∥∥∥
2

2

= E‖θ̂ − θR‖2
2 (11)

= E

2j0∑

k=1

(ξ̂j0k − ξR
j0k)

2 + E

J−1∑

j=j0

2j∑

k=1

(θ̂jk − θR
jk)

2.

Using (11) and noting that

θ̂jk = ηB((n∗)−1/2WR(f̃ + σ)jk, τjk)

where τjk = λ
∑

k σ
2
k/n

∗ for all k in the block of coefficients, (10) becomes

E

(
1

n∗

∥∥∥f ∗ − f̂
∥∥∥

2

2

)
≤ 2

n∗
E‖f ∗ −Rf̃‖2

2 + 2E

2j0∑

k=1

(ξ̂j0k − ξR
j0k)

2 (12)

+2E

J−1∑

j=j0

2j∑

k=1

(ηB((n∗)−1/2WR(f̃ + σ)jk, τjk) − θR
jk)

2

= A1 + A2 + A3.

Each piece Ai will be bounded separately. Note that the threshold rule η above is applied
only to the “detail” coefficients.

First A2. Since the “coarse” coefficients are not thresholded, the components of
the vector ξ̂ = (ξ̂j01, . . . , ξ̂j02j0 )′ are just the corresponding 2j0 components of

1√
n∗
WRy =

1√
n∗
WR(f̃ + σ).

Therefore, by the orthogonality of the DWT, ξ̂ is distributed as a multivariate normal
random variable whose mean is ξ, the 2j0 “coarse” components of θR = (

√
n∗)−1/2WRf̃,
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and whose variance is the upper left 2j0 ×2j0 submatrix of (n∗)−1WRΣR′W ′. Therefore,

A2 = 2
2j0∑

k=1

E(ξR
j0k − ξ̂j0k)

2

= 2
2j0∑

k=1

var(ξ̂j0k) (13)

=
2

n∗

2j0∑

k=1

σ2
j0k,

where σ2
j0k = WRΣR′W ′

j0k, the j0k
th diagonal of WRΣR′W ′. If the σ2

j0k are bounded,
this becomes

A2 ≤ C/n∗.

The constant C will be used to denote a generic constant throughout the remainder of
the proofs. It will vary from use to use, but it does not depend on n∗.

Now to bound A1. Let Ri be the ith row of the transformation R. Denote the
entries of R as rij. Then

Rf̃ =




R1f̃

R2f̃
...

Rn∗ f̃


 =




∑n
l=1 r1lf(xl)∑n
l=1 r2lf(xl)

...∑n
l=1 rn∗lf(xl)


 ,

and

‖f ∗ −Rf̃‖2
2 =

n∗∑

i=1

(
f(x̃i) −

n∑

l=1

rilf(xl)

)2

.

For simplicity of proof, assume that in the linear interpolation scheme there are always
points to the left and right of the midpoints x̃i of the n∗ subintervals [(i−1)/n∗, i/n∗), i =
1, 2, . . . , n∗. A new point ỹk at x̃k = (k−1/2)/n∗ is the weighted sum of the two nearest
left and right points:

ỹk = yj(k)

[
1 − x̃k − xj(k)

xj(k)+1 − xj(k)

]
+ yj(k)+1

[
x̃k − xj(k)

xj(k)+1 − xj(k)

]

= yj(k)rk,j(k) + yj(k)+1rk,j(k)+1

where xj(k) and xj(k)+1 are the nearest points to the left and right of x̃k and yj(k) and
yj(k)+1 are the corresponding observed values. Note that

∑n
l=1 ril = 1 and 0 ≤ ril ≤ 1

for all i = 1, 2 . . . , n∗ and l = 1, 2, . . . n. Since f ∈ Bα
p,∞(M) ⊂ Λα−1/p(M),

‖f ∗ −Rf̃‖2
2 =

n∗∑

i=1

(
n∑

l=1

ril[f(x̃i) − f(xl)]

)2

≤
n∗∑

i=1

(
n∑

l=1

ril · |f(x̃i) − f(xl)|
)2

≤ M

n∗∑

i=1

(
n∑

l=1

ril · |x̃i − xl|h(α)

)2

,
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where h(α) = I(α > 1) + I(α ≤ 1)(α − 1/p) ≤ 1. The bandwidth of an n × n matrix
Γ is defined in Kovac and Silverman [13] as the smallest non-negative integer b such
that the entries γij of Γ are all zero for b < |i − j| < n + 1 − b. Due to the nature of
the linear interpolation transformation scheme, the non-zero points in a row Ri of R are
contiguous. Therefore, the largest distance between points xi used in the transformation
scheme is a constant times 1/n∗. To see this, suppose that the distance between two
points is larger than this, say

xl+1 − xl =
(log n∗)ε

n∗

for some fixed ε > 0. Then there are (log n∗)ε subintervals of [0, 1] that will use the
points xl and xl+1 to determine the transformed values ỹ. R will therefore have non-zero
elements in columns l and l+1 for (log n∗)ε contiguous rows. Clearly, RR′ will not have
finite bandwidth in this case.

Now, ril = 0 for all l where the original points (xl, yl) are not used to determine
the new points (x̃i, ỹi). Then

‖f ∗ −Rf̃‖2
2 ≤ M

n∗∑

i=1

(
n∑

l=1

ril · |x̃i − xl|h(α)

)2

= M
n∗∑

i=1

(
ri,j(i) · |x̃i − xj(i)|h(α) + ri,j(i)+1 · |x̃i − xj(i)+1|h(α)

)2

≤ M
n∗∑

i=1

(
ri,j(i) · |xj(i)+1 − xj(i)|h(α)

+ri,j(i)+1 · |xj(i) − xj(i)+1|h(α)
)2

= M
n∗∑

i=1

|xj(i) − xj(i)+1|2(h(α)

≤ C
n∗∑

i=1

(
1

n∗

)2h(α)

.

Therefore,
A1 ≤ C(n∗)−2α/(2α+1) (14)

provided α ≥ (2p)−1(1 +
√

2p+ 1). Since it is desired that this estimator be adaptive
for any p ≥ 2, this restricts α to be at least (

√
5 + 1)/4 ≈ 0.81.

For the piece A3, the following theorem is needed.

Theorem 3 Suppose that θ̃jk are normal(θjk, σ
2
jk) random variables,

k = 1, 2, . . . , L = log n∗. Let θ̂jk = η(θ̃jk, λ
∑

k σ
2
jk), where λ > 4, and η is ηB or ηJS.

Let S2 =
∑L

k=1 θ̃
2
jk be distributed as a noncentral χ2 random variable with noncentrality

parameter ‖θ‖2
2 and L degrees of freedom. Then

E‖θ − θ̂‖2
2 ≤ C

[(
‖θ‖2

2 ∧
∑

k

σ2
jk

)
+
∑

k

σ2
jk/n

∗

]
.
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This is a modification of the theorems found in [3] and [4] in that it does not
require independent, identical errors. First, let

θ∗ji =
θji√

1
L

∑
k σ

2
jk

, S2
∗ =

∑

k

(θ∗jk)
2 =

S2

1
L

∑
k σ

2
jk

Then

(
θ̂ji − θji

)2

=

(
θ̃jiI(S

2 > λ
∑

k

σ2
jk) − θji

)2

=

(
1

L

∑

k

σ2
jk

)
 θ̃ji√

1
L

∑
k σ

2
jk

· I(S2 > λ
∑

k

σ2
jk) −

θji√
1
L

∑
k σ

2
jk




2

=

(
1

L

∑

k

σ2
jk

)(
θ̃∗jiI(S

2
∗ > λL) − θ∗ji

)2

=

(
1

L

∑

k

σ2
jk

)(
θ̂∗ji − θ∗ji

)2

So,

E‖θ̂ − θ‖2
2 =

(
1

L

∑

k

σ2
jk

)
E‖θ̂∗ − θ∗‖2

2.

Since the variances are bounded for all n,

E‖θ̂ − θ‖2
2 ≤ CE‖θ̂∗ − θ∗‖2

2,

and the proof only needs consider the case using θ = θ∗. Letting θ = θ∗ and dropping
the ∗ notation, for η = ηB,

E‖θ̂ − θ‖2
2 = E‖θ̃I(S2 > λL) − θ‖2

2

= E‖θ̃ − θ − θ̃I(S2 ≤ λL)‖2
2

≤ 2E‖θ̃ − θ‖2
2 + 2E‖θ̃I(S2 ≤ λL)‖2

2

= 2
L∑

k=1

var(θ̃k) + 2ES2I(S2 ≤ λL)

≤ 2L+ 2Lλ.

This differs only slightly from [4] since the variances are not identical. Independence is
not used here. The remainder of the proof is unchanged. For η = ηJS, the modifications
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are less trivial. Using the definitions of θ∗ and S2
∗ as as above,

(
θ̂ji − θji

)2

=

(
θ̃ji

(
1 −

λ
∑

k σ
2
jk

S2

)

+

− θji

)2

=

(
1

L

∑

k

σ2
jk

)
 θ̃ji√

1
L

∑
k σ

2
jk

(
1 −

λ
∑

k σ
2
jk

S2

)

+

− θji√
1
L

∑
k σ

2
jk




2

=

(
1

L

∑

k

σ2
jk

)(
θ̃∗ji

(
1 − λL

S2
∗

)

+

− θ∗ji

)2

=

(
1

L

∑

k

σ2
jk

)(
θ̂∗ji − θ∗ji

)2

≤ CE‖θ̂∗ − θ∗‖2
2.

Again, θ = θ∗ and dropping the ∗ notation,

E‖θ̂ − θ‖2
2 = E

∥∥∥∥
(

1 − λL

S2

)

+

θ̃ − θ

∥∥∥∥
2

2

≤ 2E‖θ‖2
2 + 2E

∥∥∥∥
(

1 − λL

S2

)
θ̃I(S2 > λL)

∥∥∥∥
2

2

= 2E‖θ‖2
2 + 2E

(
1 − λL

S2

)2

S2I(S2 > λL)

≤ 2E‖θ‖2
2 + 2ES2I(S2 > λL).

This piece is then bounded as in [4]. Also,

E‖θ̂ − θ‖2
2 = E

∥∥∥∥
(

1 − λL

S2

)

+

θ̃ − θ

∥∥∥∥
2

2

= E

∥∥∥∥θ̃ − θ +

{(
1 − λL

S2

)

+

− 1

}
θ̃

∥∥∥∥
2

2

≤ 2E‖θ̃ − θ‖2
2 + 2E

∥∥∥∥
{(

1 − λL

S2

)

+

− 1

}
θ̃

∥∥∥∥
2

2

≤ 2L+ 2E

{(
1 − λL

S2

)

+

− 1

}2

S2

= 2L+ 2E

{(
1 − λL

S2

)

+

− 1

}2

S2I(S2 > λL)

+2E

{(
1 − λL

S2

)

+

− 1

}2

S2I(S2 ≤ λL)

≤ 2L+ 2E

∣∣∣∣
{(

1 − λL

S2

)

+

− 1

}∣∣∣∣S
2I(S2 > λL)

+2E

∣∣∣∣
{(

1 − λL

S2

)

+

− 1

}∣∣∣∣S
2I(S2 ≤ λL),
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since
{(

1 − λL
S2

)
+
− 1
}2

∈ [0, 1]. Therefore,

E‖θ̂ − θ‖2
2 ≤ 2L+ 2E

∣∣∣∣1 − λL

S2
− 1

∣∣∣∣S
2I(S2 > λL) + 2E |−1|S2I(S2 ≤ λL)

≤ 2L+ 2E(λL)I(S2 ≤ λL) + 2E(λL)I(S2 ≤ λL)

= 2L+ 2λL.

The remainder of the theorem is bounded as in [4].
Now for each j, there are no more than 2j/ log n∗ blocks. Labeling the blocks as

b1 to br,

A3 ≤ CE

J−1∑

j=j0

r∑

l=1

∑

k∈bl

(θ̂jk − θR
jk)

2

= CE

J−1∑

j=j0

r∑

l=1

‖M bl

L θ̂ −M bl

L θ
R‖2

2.

The joint distribution of the θ̂jk = {(n∗)−1/2WR(f̃ + σ)}jk is normal with mean θR
jk and

covariance matrix V = (n∗)−1WRΣR′W ′. This impliesM bl

L θ̂ = (n∗)−1/2M bl

LWR(f̃+σ) is
distributed as a multivariate normal with meanM bl

L θ
R and covariance (n∗)−1M bl

L V (M bl

L )′.
Then, using the conditions imposed on V and M bl

L , the distribution of

∑

k∈bl

(θ̂jk)
2 = (θ̂′M bl θ̂)

is noncentral χ2 with noncentrality parameter

(θR)′M blθR =
∑

k∈bl

(θR
jk)

2

and rank L (Serfling [17]). Recalling

θ̂jk = ηB((n∗)−1/2WR(f̃ + σ)jk, λ
∑

k

σ2
k/n

∗),

theorem 3 may be applied to A3.

A3 ≤ CE

J−1∑

j=j0

r∑

l=1

∑

k∈bl

(θ̂jk − θR
jk)

2

= CE
J−1∑

j=j0

r∑

l=1

‖M bl

L θ̂ −M bl

L θ
R‖2

2

≤ C

J−1∑

j=j0

r∑

l=1

[(
‖(θR)′M blθR‖2

2 ∧
∑

k

σ2
k/n

∗

)
+
∑

k

σ2
k/(n

∗)2

]
.
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Letting j∗ be the integer such that 2j∗−1 < n1/(2α+1) ≤ 2j∗ and noting the the term∑
k σ

2
k/(n

∗)2 is negligible,

A3 ≤ C

[
J−1∑

j=j0

r∑

l=1

(
∑

k∈bl

(θR
jk)

2

)
∧
∑

k∈bl

σ2
jk/n

∗

]

≤ C

[
j∗∑

j=j0

r∑

l=1

∑

k∈bl

σ2
jk/n

∗ +
J−1∑

j=j∗+1

r∑

l=1

∑

k∈bl

(θR
jk)

2

]

≤ C




j∗∑

j=j0

2j

L

L · maxl σ
2
l

n∗
+

J−1∑

j=j∗+1

2j∑

k=1

(θR
jk)

2




To complete the proof, it remains to be shown that Rf̃ behaves like a vector sampled
from a function in Bα

p,∞(M ′). Let (Rf̃)i be the ith component of the transformed vector

f̃ . Then
R(f̃)i = ri,j(i)f(xj(i)) + ri,j(i)+1f(xj(i)+1).

For i 6= k (without loss of generality, assume k > i),

∣∣∣R(f̃)i −R(f̃)k

∣∣∣ =
∣∣ri,j(i)f(xj(i)) + ri,j(i)+1f(xj(i)+1)

−rk,j(k)f(xj(k)) − rk,j(k)+1f(xj(k)+1)
∣∣

≤
∣∣ri,j(i)f(xj(i)) − rk,j(k)f(xj(k))

∣∣

+
∣∣ri,j(i)+1f(xj(i)+1) − rk,j(k)+1f(xj(k)+1)

∣∣

≤
∣∣f(xj(i)) − f(xj(k))

∣∣+
∣∣f(xj(i)+1) − f(xj(k)+1)

∣∣

≤ M
∣∣xj(i) − xj(k)

∣∣h(α)
+M

∣∣xj(i)+1 − xj(k)+1

∣∣h(α)

Now, since the bandwidth is finite,

∣∣xj(i) − xj(i)+1

∣∣ ≤ C/n∗

for all i. Therefore,

∣∣xj(i) − xj(k)

∣∣ =
∣∣xj(i) − xj(i)+1 + xj(i)+1 − xj(i)+2 + . . .− xj(k)

∣∣
≤ (k − i)C/n∗

and ∣∣∣R(f̃)i −R(f̃)k

∣∣∣ ≤ 2M

(
C|k − i|
n∗

)h(α)

= M ′

∣∣∣∣
i− k

n∗

∣∣∣∣
h(α)

.
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Since the x-coordinates for the (Rf̃)i are the points x̃i = i−1/2
n∗

, this gives

∣∣∣R(f̃)i −R(f̃)k

∣∣∣ ≤M ′ |x̃i − x̃k|h(α) .

So, we can treat the vector Rf̃ as though it were sampled from a function in the space
Bα

p,∞(M ′). Since the properties of the DWT depends only on the sampled vector, this

implies that the DWT of Rf̃ will be appropriately small:

A3 ≤ C


2j∗ · maxl σ

2
l

n∗
+

J−1∑

j=j∗+1

2j∑

k=1

(θR
jk)

2




≤ C

[
(n∗)1/(2α+1)

n∗
+

J−1∑

j=j∗+1

M ′2−2j(α+1/2−1/p)

]

≤ C(n∗)−2α/(2α+1).

Putting the bounds for A1, A2 and A3 together (and adjusting C for the change from
n∗ to n), the global convergence rate is proved for q = ∞. For 1 < q < ∞, the same
rate holds due to the inclusion Bα

p,q(M) ⊂ Bα
p,∞(M).

The proof of the local convergence rate is now given. For simplicity, assume f is
in the Hölder space Λα(M) rather than a local Hölder space. To start,

E(f(x̃i) − f̂(x̃i))
2 ≤ 2E(f(x̃i) − (Rf)i)

2 + 2E((Rf)i − f̂(x̃i))
2, (15)

where x̃i are the equispaced points after the transformation R and (Rf)i are the trans-
formed values of f at the original points xi. The first term on the right of (15) is bounded
as before:

E(f(x̃i) − (Rf)i)
2 = E

(
f(x̃i) −

n∑

l=1

rilf(xl)

)2

≤ C

(
1

n∗

)2(α∧1)

≤ C

(
1

n∗

)2α/(2α+1)

.

For the second term on the right of (15), note that as before Rf can be treated as a
vector from, in this case, Λα(M ′). Using the definitions of θ̂ and θR from before

f̂(x̃i) =
2j0∑

k=1

ξ̂j0,kφj0,k(x̃i) +
J−1∑

j=j0

2j∑

k=1

θ̂j,kψj,k(x̃i),

(Rf)i =
2j0∑

k=1

ξR
j0,kφj0,k(x̃i) +

J−1∑

j=j0

2j∑

k=1

θR
j,kψj,k(x̃i)
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and the inequality

E

(
n∑

i=1

Xi

)2

≤
(

n∑

i=1

(EX2
i )1/2

)2

,

the second term on the right of (15) becomes

E((Rf)i − f̂(x̃i))
2 ≤




2j0∑

k=1

(
E(ξ̂j0,k − ξR

j0,k)
2φ2

j0,k(x̃i)
)1/2

+
J−1∑

j=j0

2j∑

k=1

(
E(θ̂j,k − θR

j,k)
2ψ2

j,k(x̃i)
)1/2




2

= (L1 + L2)
2.

L1 is bounded just as A2 was,
L1 ≤ C/

√
n∗.

For L2, note that for any j there are only a fixed number of indices k where the support
of ψj,k includes x̃i. Then using Theorem 3 and mimicking the argument for A3,

L2 ≤ C

J−1∑

j=j0

2j/2‖ψ‖∞
[(

2−j(2α+1) ∧ (n∗)−1 log n∗
)

+ (n∗)−2 log n∗
]1/2

≤ C
√

log n∗(n∗)−α/(2α+1).

Therefore,
(L1 + L2)

2 ≤ C log n∗(n∗)−2α/(2α+1)

and (15) is bounded by the same amount, finishing the proof of the theorem.

5.2 Theorem 2

The notation used here will be the same as that used in the proof of theorem 1. The
main difference in notation is the change from η to ηS. Then, (12) becomes

E

(
1

n∗

∥∥∥f ∗ − f̂
∥∥∥

2

2

)
≤ 2

n∗
E‖f ∗ −Rf̃‖2

2 + 2E

2j0∑

k=1

(ξ̂j0k − ξR
j0k)

2 (16)

+2E

J−1∑

j=j0

2j∑

k=1

(ηs((n
∗)−1/2WR(f̃ + σ)jk, τjk) − θR

jk)
2

= B1 +B2 +B3.

Pieces B1 and B2 are bounded exactly as in the proof of theorem 1.
To bound B3, note that (n∗)−1/2WR(f̃ + σ)jk is distributed as a normal random

variable with mean θR
jk = (n∗)−1/2(WRf̃)jk and variance

(n∗)−1WRΣR′W ′
jk = (n∗)−1σ2

jk.
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From Donoho and Johnstone [9] in the i.i.d. case or Johnstone and Silverman [12]
in the non-i.i.d. case, taking τjk to be (n∗)−1/2σjk

√
2 log n∗ gives

E(ηs((n
∗)−1/2WR(f̃ + σ)jk, τσjk) − θR

jk)
2 ≤ C log n∗

[
σ2

jk

(n∗)2
+

(
(θR

jk)
2 ∧

σ2
jk

n∗

)]
(17)

given that the variances of the coefficients are bounded. Indeed, under certain conditions
on WRΣR′W ′, this bound is the best possible bound from a minimax standpoint.

Using (17) and letting j∗ be the same as before,

B3 ≤ C log n∗


 1

n∗

J−1∑

j=j0

2j∑

k=1

σ2
jk

n∗
+

J−1∑

j=j0

2j∑

k=1

(
(θR

jk)
2 ∧

σ2
jk

n∗

)


= C log n∗


 1

n∗

J−1∑

j=j0

2j∑

k=1

σ2
jk

n∗
+

1

n∗

J−1∑

j=j0

2j∑

k=1

(
(
√
n∗θR

jk)
2 ∧ σ2

jk

)



= C log n∗


 1

n∗

J−1∑

j=j0

2j∑

k=1

σ2
jk

n∗
+

j∗∑

j=j0

2j∑

k=1

σ2
jk

n∗
+

J−1∑

j=j∗+1

2j∑

k=1

(θR
jk)

2


 .

Using the same argument as before, the coefficients θR
jk will behave as coefficients of a

sampled function from Λα(M ′). If the σ2
jk are bounded, say by D, this simplifies to

A3 ≤ C log n∗

(
J−1∑

j=j0

2jD

(n∗)2
+

j∗∑

j=j0

2jD

n∗
+

J−1∑

j=j∗+1

2j2−2j(α+1/2)

)

≤ C log n∗

(
1

n∗
+

2j∗

n∗
+ 2−2j∗α

)

≤ C log n∗(n∗)−2α/2α+1).

Putting together the bounds for B1, B2 and B3 and adjusting the constant to take in to
account the fact that n∗/2 < n ≤ n∗, the theorem is proved.

6 Appendix

The eight test functions are displayed in Figure 4. The formulas for ”doppler”, ”heavi-
sine”, ”bumps”, and ”blocks” can be found in Donoho and Johnstone (1994). The rest
are given below. In the simulations, these formula were modified by a constant to give
a standard deviation of 10.

Spikes:

f(x) = 15.6676[e−500(x−0.23)2 + 2e−2000(x−0.33)2

+ 4e−8000(x−0.47)2 + 3e−16000(x−0.69)2 + e−32000(x−0.83)2 ]
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Blip:

f(x) = (0.32 + 0.6x+ 0.3e−100(x−0.3)2)I(0,.8](x) + (−0.28 + 0.6x+ 0.3e−100(x−1.3)2)I(.8,1](x)

Corner:

f(x) = 10x3(1 − 4x2)I(0,.5] + 3(0.125 − x3)x4I(.5,.8](x) + 59.4432(x− 1)3I(.8,1](x)

Wave:
f(x) = 0.5 + 0.2 cos(4πx) + 0.1 cos(24πx)
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Figure 5: Test Functions
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